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CHAPTER 13
Change of Basis, Similarity

13.1 CHANGE-OF-BASIS (TRANSITION) MATRIX

13.1 Define the change-of-basis matrix for a vector space V.

I Let{e,,...,e,} beabasis of Vand {f;,-.., f,} be another basis. Suppose

fi=a,e,tae, +---ta e
L=ae,vaze, t - ta,e

fi=age tae, t---ta, e

Then the lrahsp_ose P of the above matrix of coefficients is called the change-of-basis matrix or the transition
matrix from the “old” basis {e,} 10 the “*new™ basis { f}. In other words, the columns of P are,
respectively, the coordinates of the vectors f;, f,, . . ., f, with respect to the “old” basis {e,}.

Theorems 13.1 and 13.2, whose proofs appear in Problems 13.43 and 13.44, will be used below.

Theorem 13.1: Let P be the change-of-bas:is matrix from a basis {e,} to a basis-{ £} and‘Q ‘be the
’ change-of-basis matrix from the basis {f;} back to the basis {¢,}. Then P is invertible and
Q=pP" '
Theorem 13.2: - Let P be the change-of-basis matrix from a basis {¢;} to-a B'éisis/‘ £} in a vector space V.
: Then, for any vector v€V: () Plo],={v], and (i) P '[v]=[v},

Remark: Although P is called the transition matrix from the old basis {e,} to the new basis { £}, its effect is
10 transform the coordinates of a vector in the new basis { f;} back to the coordinates in the old
basis {e,}. '

Problems 13.2-13.12 refer to the following bases of R*: S, = {1, =(1, —=2),u,=(3,-4)} and §,=
{v,=(1,3),v,=(3,8)}. In particular, Problems 13.2-13.5 find the change-of-basis matrix P from S, to §,
“and Problems 13.6-13.9 find the change-of-basis matrix Q from S, back to §,.

13.2  Find the coordinates of an arbitrary vector {a, b) in R with respect lé'tl'\e basis S, = {u,,u,).

I We have

N 1) ( 3) x+3y=a x+3y=a
(b) ‘(-z N4 T ax—gy=p O 2y=2a+b
Solve for x and y in terms of e and b to get x=-2a-3b, y=a+ ib. Thus

(a,b)=(=2a~ 3bJu, +(a+4b)u, or * (a,b)}s, =[~2a~ 3b,a + }b}"

133 Write v,, the first busis vector of S,. as a linear combination of the basis vectors u, and u, of §,.

I Use Problem 13.2to get v, =(1,3)=(-2-3)u, + (3 + Du, = (- F)u, + (3)u,..

134 Write v, as a linear combination of u, and u,.

I v,=(3.8)=(~6~12)u, + (3+ 4)u,=~18u, + Tu,.

Find the change-of-basis matrix P from S10s,. ..
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] Write the coordinates of v, and v, in the basis S, as columns:
-8 —}s}
= 2 .
=(TF 5

- Find the coprdinates of an arbitrary, vector (a, b€ R® with respect to the basis $,={v,v,%

I We have ] .
GGl o« siigos
>SO'VC forxand yto get x=-8a+3b, y=3a—b. Thus
(a,by=(-8a+3by, +(3a—b, or [(a, b)}S,={-8a+3b,3d—b}"

Write u,, the first basis vector of S,, as a linear combination of the basis vectors v, and v, of §,.

33.7
- I Usc Problem 13.6 to get u, = (1, ~2)=(—8—6)p, + (3+2)w, = ~Huv, + 5v,.

13.8  Write u, as a linear combination of v, and v,. : _
. L ]

1 u,=(3, -4)=(~24-12)v, + (9+ 4y, = ~36v, + 13v,.

139  Find the-change—of—basis matrix ¢ from §, back to S,.

1 Write the coordinates of , and u, in the basis S, as columns:

L - -36N '
Q_“( 5 13 -

£ _ .
o 13.10  Verify that Q=P [Theorem 13.1}

k ' (14 36\~ 2 —13)

¢ I ' or=(" 13)( ; ( ) 1.
&:: " 13.11  Show that P[u]_sz=[v]_,' for any vector v=(a,b) [Theorem 13.2(3)).

( -§  Using Problems 13.2, 13.5, and ]3.6, S

g (-8 —18y(-8a+3b\ (-

' o P["]’"_:( E 7)( 3a-—b‘)=( a+'b ) l"ls,

13.12 Show-that P_ll"”}s, =[ols, for any vector v=(a, b) [Fheorem l3.2(ii)}.

14 ( ~2a+3 ‘b) 8a+3b
a+}l 30 b =lvl,

| | - P"'Ms, h’}s, (

Problems 13.13-13.25 refer to. the -following bases of R*:
$={u,=(1,2,0), u,=(},32), ,=(0,1,3}} and §={v,=(1,2,1),v,=(0.1,2), v;=(1,4,6)}

In particutar, Prablems 13.27-13.17 find the change-of-basis matrix P from S to S' and Problems’
48 13.18-13.22 find the change-of basis matrix O from B’ 10 $.

13.13 ° Find the coo:dinates of an arbitrary vector (a, b, }ER®  with respect to the basis $= {u,, u,, u,)-

ay nop 0 . x+ y =a
cf 0f - \2 340 2v+3z=c¢

1 We have
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I v,=(1,4,6)=(7—12+6)u, + (—6+ 12~ 6)u, + (4 — 8 + 6)u, = u, + Ou, + 2u,.

. ) Write the coordinates of v,, U,, and v, with respect to the basis § as columns:
L 2 -1 1
- P=|-1 1 0
. _ 1 0 2

.§ We have S B -

- Write u, as a linear combination of v,, v,, and v,.

Solve forx,y,ztoget x=T7a—3b+c, y=—6a+3b—c, z=4a-2b+c. Thus
A (a, b,c)={(Ta —3b + c)u, + (~6a +3b ~ c)u, + (da—2b + c)u,
or {(a,b,0)s=[7Ta~3b+c, —6a+3b~c, da-2b+c|".

Write v,, the first basis vector in §°, as a linear combination of the basis veclors u,, u,, u, of §.

I Use Problem 13.13 10 get v, =(1,2, 1) =(7—6+ )u; +(—6+6—Nu, + (4 =4+ Duy =2u, —u, + u,

Write v, 2s 2 linear combination of 1, u,, and u,.

I v,=(0,1,2)=(0-3+2)u, +(0+3—2u, +(0—2+u; = —u, + u, + Ou,.

Write v, as a linear combination of u,, u,, and u;.

Fina the change-of-basis matrix P from the basis § to the basis §’.

Find the coordinates of an arbitrary vector v={(a,b, c)ERJ' with respect to the basis §' = {v,, v,,v,}. -

a /1 0 : 1 i xt z=a
- (b)=x(2)+_y 1 +z(4) or 2x+ ytd4z=b
</ 17 . \2 6 T o x42p+6z=c

Solve for x, y,ztoget x=-2a+2b—c, y=-8a+5b—2¢c, z=3a-2b+c. Thus
v=(a,b.c)=(-2a+2b-c)v, +(8a+5b—2c)v, +(3a~2b + c)v,
or [v)s-=[(a,b, )]s =[-2a+2b—c, —8a+5b-2c,3a~2b+c]".

Write u,, the firsi basis vector of S, as a linear combination of the basis vectors v,, v,, v, of §".

I By Problem 13.18, u,=(1.2,0)=(-2+4+0)v, +(-8+10+0)v, + (3-4+0)v,=2v, + 2v, ~ v,.

P ow,=(1,3,2)=(-2+6-2)v,+ (-8 + 15— v, + 3= 6.+ 2)v, =20, + 3v, — v,.

Wrile u, as a linear combination of v,, v,, and v,.

I u,=(0,1,3)=(0+2-3)v, + (0+5-6)v, + (0—2+3)v,=—v,— v, +v;.

Find the change-of-basis matrix Q from the basis S* back to the basis 5.

I Write the coordinates of u,. u,. and u, with respect to the basis 8’ as columns:

: _ : 2 2 -1
: Q:( 2 3 -}
RO -1 -1 1

Verify that Q= P™' [Theorem 13.1].
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2 2 -~ 2 -1 1 1 0 0
I e _._-_-./QP?(._.\,Z 0 | |l B S (0 1 0}=’
o A AT Ny 0 2 Voo /o
13.24  Show that Pfvl. =fv)s for any vector v=(a,b,c) [Theorem 13.2(i}]. , -

. T o 2 -1 Nf-2a+2b-c - Fa+3b+c\y
| ’ Piv}.. =(—l 1 0)(—8a+5b—~2c)=(-6a+3b_c)=luls

1 0 2 3a-2b+c 4a_—2b+c‘

13.25 Show that P '[v)s=[vl, for any vector v=(a,b,c)} [Theorem 13.2(ii)]. S )

: 2 2 -W[ Ta-3b+c\ (-2a+2b-c _
1 P 'Po)ls=0Cfv)s=| 2 -3 -1 (—60+3b—c =(-—8a+5b—2c);—=[u]s. ) : i
-1 -1 N\ da+2m+ct \ 3a-2b+c

13.26  Suppose v, ={a,,a,...,8,), v, =(b,b,..., b,,)'. -y 0, =(¢, ¢, ...,¢,) form a basis S of K"
Show that the change-of-basis-matrix from the usual basis E={e;] of K" to the basis $ is the matrix P

whose columns are the vectors v,, v,, ..., b, Tespectively. _ ;-
( 1 Wwe have
£ - . v,=(a,,8,,...,a ) =ae, tae,+- - tae, N
. : vy = (b, byr....b)=bie, + by, + - +be, -

v,=(€,,€- ..
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- - as claimed. i )

13.27 . Find ihe change-of-basis matrix P from the usual basis E = {e,, e,, ¢,} of R*to the basis $={w, = ]
(]7}71)7 }V2=(lr-170)r ‘v3=(17010)}' -

1 By Problem 13.26; write the basis vectors w,, w,, w, as columns: ’ . _('

1oy o : ' o
P=(110}_

P oo T

13.28  Find the change-of-basis matrix Q from the above basis § back 10 the usuval basis E of R>,
I Recalt [Problem 12.66} that {a, b, c}=cw, + (b~ c}wz +(a— byw,. Thus
e,=(}0,0)=0w, + 0w, + Tw, (0 0 l)

e2=(0=110)=0w|+]w-_»-—]“'_-, and Q: 0 1 -1
€:=(0,0,1)=1w, —}w, + 0w, 1 -1 0

1329 Verfy that = P™' for the above matrices P and O [Fheorem 13.1}. . . - ‘@ [

_ _ 11 Iy0 6 1y [F 0 0y ;
o PQ=€-1 1 o)éo IS | .='(0 B 0)’=1 ' ‘ . 9
_ X1 0 oAt -1 - \o. 0 1/ _ i




