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. y=0 : :
Solve the system ¥ + (#/2)2=0 10 obtain only the zero solution: x=0, y=0, z=0. Hencef, g,
—-y+1rz=0 . R - - .

and h are independent.
Method 2. Take the ﬁrsl second, and third dem’anves of xsint+ycost+z2t=0 with respecttoto
get

ot

xcost—ysint+z=0 ' ' )
—xsint~-ycosr=0 : 2 -
—xcosf+ysint=0 3)

Add (1) Qnd (3) 10 obtain z=0. Muhiply (2) by sin¢ and (3) by cos 1, -and then add:

sin £ X (2): —xsin’ (- ysin tcost =9
costX(3):  —xcos’r+ysintcost=0
—-x(sin” t+cos’t) =0 or x=0

Last, multiply (2) by —cos f and (3) by sin £; and then add 10 obtain -
y(cosz t#+5in? =0 or y=0

Since - xsint+ycost+zt=0 implies x=0,y=0,z=0

f, &, and h are independent. .

Show that the vectors v=(1+1,2{) and w=(1,1+1i) in C? are _linearly dependenfover the complex’
field C but are linearly independent over the real field R. :

I Recall that two veclors are dependent iff one is a multiple of the ‘other. Since the first coordinate of w
is 1, v can be a multiple-of wiff v=(1+i)w. Bat 1+i@ZR; hence v and w are independent over R.
Smce (1+iw=(1 + (1,1 +i)=(1+i, 21) v and 1+i€C, they are dependent over C.

Let u,v, and w be mdependenl vectors Showthat u+v, u—v, and u—2v+w are also
independent.

I Suppose .x(u+v)+ y(u~v)+z(u~20+wy=0 wherer,y, .and z are scalass. Then xu + xv+ yu —
yo+zu—-2zw+z2w=0 or {x+y+2)u+(x—y-2zJv+zw=0. But u,v, and.w are linearly
independent; hence the coefficients in the above relation are each O:

x+y+ z2=0
r—y-2z=0
z=0

* The only solution 10 the above system is ¥=0, y=0, z=0. Hence u+wv, u-v, and u—~2v+w

are independent.

8.3 THEOREMS ON BASES AND DIMENSION

Define a basis of a vector space V.

I A sequence of vectors {u,, 1, ..., 1.} is a basis of V if (1) u,,us, ..., u, are linearly independent and
(2) u,,u,.. .., u, span V. .

Define the dimension of a vector space V.

I A vector space V is said 1o be of finite dimension # or 10 be »-dimensional, written dimV=n, fV
contains a basis with 7 elememts.. [This definition of dimension is well-defined by Theorem 8.4 which states
that any two bases have the same number of elements.]

The vector space {0} is defined to have dimension 0. {In a certain sense this agrees. with the above

. definilion since, by definition, @ is independent and generates {0}.] When a vector space is.not of ﬁmte

dimension. it is said to be of infinite dimension.
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Lemina 8.1: The nonzero vectors v,, . .., u,, are linearly dependent if and only if one of them, say v, is a

linear combination of . the precedmﬂ vectors:

v;i=au t---+a,_ v,

Prove Lemma 8.1. L N
I Suppose v,=aw, +---+a,_v,_,. Then au +---+g, v, +0u,,, +---+0v,_ =0 and the
coefficient of v; is not O Hence lhe v; are linearly dependenl '

Conversely, suppase the v; are hnearly dependent: - Then there exist scalars a,, . . .,
that app+---+a,v, =0 Let k be the jargest integer such that a4, #0. Then

Vi

a,,,; not all 0, such
m-m

ap, +--+au+0u,,,+---+00, =0 or ap +---+av, =0
then a,v,=0, a,#0, andso v,=0. But the v, are nonzero vectors; hence k> 1}

Suppose k=1; .
———— a.'a,_,v,_;. Thatis, v, is a linear combination of the preccding vectors.

and v, =—a;'ay,
Theorem 8.2: The nonzero rows R,,.. ., R, of a matrix in echelon form are linearly independent.

Prove Theorem 8.2. — L )
¥ Suppose [R,.R,_ ., R,} is dependent. Then one of the rows, say R,_, is a linear combination of
the preceding rows: N :

Rn.=a,:.»|Ry;.+|+am+zR:.;+7+"'+a;,R,. (1
Now suppose the kth component of R , 15-1ts first nonzero entry. Then, since_ the matrix is in echelon
“form, the kth components of R, ;. ... R, are all 0, and so the kth companent of (I} is a,.,-0+
a,., 0+ --+a,-0=0. But this comradncts the assumphon that the kth component of R, s not 0.
Thus R,,.... R, are independent.
Suppose {v,,...,v,} spans a_vector space V and’ suppose wEV. Show’ that {w.v,.....v,) is linearly

dependent and spans V.

s

I The vector w is a linear combination of the v, since {v,} spans V. Accordingly, {w, v,.. .
linearly dependent. Clearly, w with the v, span V since the v, by themselves span V.- That is,

{w.v,,....v,} spans V.
Suppose {v,...., v, } spans a’'veclor space V and suppose U, is a hnear combxmuon of the precedmg
vectors. Show lhat \v,. R N SR v} spans V.
I Suppose v, = l(,ul +---+k,_,_,. Let u€V. Since {v;} spans V. u is a linear combination of the
v, say, u=aw, +---+a,v,. Substituting for v,, we obtain .

u=ap, +o--ta_ v talke t--tk v Dta,, .+|+"'+amuu.

=(a,tak ) t---+a,_, tak_J_ *a, v, t -+ap,

Fhus{u,. ... 0 . 0. .-, L ) spans V. In other words. we can delete v; from the spanning sel and

still retain a spanning set.

Lemma 8.3 (*“Replacement’ Lemma): . Suppose {v,....,v,} spans a vector space ¥ and {w . ... w }is
linearly independent. Then m=<a and V is spanned by a set of the form

Y. TFhus, in particular.’any 2+ 1 or more veciors in V are

P w,.v . T
linearly dependem .

Prove Lemma 8.3.

)
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§ 11 suffices to prove the theorem in the case that the v; are all not 0. (Prove!). Since the {v,} generates
V we have, by Problem 8.33, that

{W,.,v,,...,un). ’ (I)
is linearly dependent and 4lso generates V. By Lemma 8.1, one of the vectors in ( 1) 5.2 linear
combination of the preceding vectors. This vector cannot be w,, so it must be one of the v's, say v

Thus by the preceding problem we can delete v, from the generating set (1) and obtam the generatmg set

(w,,v,,._..,ui_,,v,.,,,,_..,u,,) _ )

Mow we repeat the argument with the vector w,. That is, since (2) generates V, the set

{"f:.’-wz’ "n---:vi-nv,n""'v-f) - 3)

is linearly dependent and also generates V. Again by Lemma 8.1, one of the.vectors in (3) is a linear
combination of the preceding vectors. We emphasize that this vector cannot be w, or w, since
{w,, ..., w,) is independent; hence it must be one of the v’s, say v,. Thus by the preceding problem we
can delete v, from the generating set (3) and obtain the generating set
(W Wos Uy e Vi Ujagn e U Op g - - v,}).

We repeat the argoment with w, and so forth. At each step we are able to add one of the w’s and delete

one of the s in the generahng set. If m=n, then we finally obtain a generating set of the required
* form: . : '

e W 0ee 0, )
Last, we show that m>n is not possible. Otherwise, after 7 of the above steps, we obtain the
generating set {w,,...,w,}. This.implies that w,__, is a linear combination of w, ..., w,_ which
contradicts the hypothesis that {w,)} is linearly independent.

Theorem 8.4: Let V be a finite-dimensional vector space.

Then every basis of ¥ has the same number of
vectors. ’

?rovg Theorem 8.4 (a basic result of linear algebra).

1 Suppose {e,, e,,. . e} is a basis of V and {f,, f,,-..} is another.basis of V. Since {¢,} generates V,
the basis {f,, f.--.} musl contain n or less vectors, or-else it is dependent by the preceding problem.. On
the other hand, if the basis {f,, f,,. . :} contains less than n vectors, then {¢,,

e} is depcndent by the
preceding problem. Thus the basis {f,, f,, - -

-} contains exactly n vectors, and so the theorem is true.

Dgﬁné a maximal indcperident subset of a set § of vectors in V.

J Asubset{v,...,v )} of Sisa maximal independent subset of § if it 35 independent and if, for any

w& S, theset{v,,...,v,, w}is dependent.

Theorem 8.5: Suppose {v,....,v, } is a maximal independent subset of a set S where S spans a vector
space V. Then {v,,...,v,} is a basis of V.

Prove Theorem 8.5.
! Suppose w€ES. Then, since {v,} is 2 maximal independent subset of S, {v,,....v,,w) is dependent.
Thus w is a linear combination of the v,, that is, wEspan(v,). Hence SC span(v ). This leads to

V= span(S)C spanfv,)C V. Thus {v, } spans ¥ and. since it is independem, it is a basis of V.

Suppose V is generated by a finite set S.  Show that V is of finite dimension and, in particular, a subset of
S is a basis of V.

4 Method 1. Of all the independent subsets of S, and there is a ﬁmle number of !hem since § is finite, -
one of them is maximal. By the precedmg problem this subset of § is a basis of V.
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" Method 2.

If S is independent, it is a basis of V. I S is dependent, one of the vectors is a finear

combination af the preceding vectors. We may delete this vector and still retain a generating set.

We

continue this process until 'we obtain a subset which is independent and generates V, i.e., is a basis of V.

0  Consider a finite sequence of vectors S={v,,v,,..., v}

Let T be the sequeace of vectors obtained

from S by one of the following “elementary operalions: (i) intérchange two vectors, (i} multiply a vector

by a nonzero scalar, (i) add a multiple of one vecior to another.

Show that § and T generate the same

8.42  Prove (i} of Theorem 8.6 Suppose P is inverlible.:

8.45 Let K be a subfield of a field L and L a Subfield of a field E: 1hat is.

space W. Also show that T is independent if and only if S is mdependem.

I Observe that, for each operation, the vectors in T are hinear combinations of vectors in §. On the other
hand, each operation has an inverse of the same type (Prove!); hence the vectors in § are lincar
combinations of vectors in 7. Thus S and T generate the same space W. Also, T is independent 5f and
only if dimW=n, “and this is 1rue iff S is also independent.

3.41 Let A=(a; ) and B= (b;) be row equwalen( m % n matrices over a field K, and Iet v,,.--,0, be
any vectors in a veclor space V over K. Let

b= 1:"1+a|zv"+" +a,v,
Uy =ay 0, a0, +---ta,u,

wi=b, v, +byw, +-c+ b v,
Wy= byt byu, + oo+ by,

u,=a,v,ta v, +--+a
Show that {u; ) and {w,} generate the same space.

' Applymg an “elementary operatian” of the preceding problem to {u,} is equivalent to applying an
elementary row operation to the matrix A. Since A and B are row equivalent, B can be obtained from A
by a sequence of elementary row operations; hence {w;} can be obtained from {u;} by the cotresponding
sequence of operations. Accordingly, {«,} and {w;) generate the same space.

Theorem 8.6: " Letv,, ... ,- v, belong to a vector space V over a field K. Let

w,=a,utayu,t--ta g,
Wy =ay, 0, + a0, +---ta,u,

) 2 v 00T a,u,

where a,€ K. Let P be the a-square matrix of coefficients, i.e., let P=(a.).

(i) Suppose P is invertible. Then {w;} and {v,} span the same space; hence {w,} is
independent if and only if {v;} is independent.

(i) Suppose P is not invertible. Then {w }is dependem

(iity Suppose {w} is independent. " Then P is invertible.

Then span(w )=span(v;); hence {w,} is
independent if and only.if {v;} is independent.

I Since P s invertible, it is-row equivalent to the identity matrix /. Hence by the preceding problem
{w,} and {v,} generate the same space. Thus one is independent if and only if the other is.

8.43  Prove (ii} of Theorem 8.6: Suppose P is not -inverfib}c. Then {w} is dependent.

I Since P is not invertible, it is row equivalent to a matrix with a zero row. This means that {w,}
generales a space which has a generating set of less than » elements. Thus {w,)} is dependent.
8.44 ~ Prove (iii} of Fheorem 8.6: Suppose {w,)} is independent. Then P is invertible.

I This is the contrapositive of the statement of (i), and 5o it follows from (ii).

“of EX}’ Suppose that E 'is of dimchsion'n Gver E'and L is of dlmensnon m over K. Show ihat E isof
dimension mn over K. : .

KCLCE. |Hence K is.a subfield

-








LINEAR DEPENDENCE, BASIS, DIMENSION [} 205 C:

1 SuppOSC {v,,---.v,) is a basis of E over L and {a,,...,a,} is a basis of L over K. We claim thm \
(a0 8= t,...,m, 1—1 ,n} is a basis of E over K. Note that {a,v,) contains mn elements.
it

© Let w be any arbltrary elemem in E. Since {v,,...,v,)} generates E over L, w'is a linear combination
of the v; with coefficients in L: : :

w=b,u, +by,+---+by, bEL )

~r

" gince {ay,---»4,} generates L over K, each b €L s a linear combination of the a, with coefficients in

. K:

i k Im™m
s =kya, tkpa,teoo vk, a

b.=k,a tk,a,+---+k, a

by=kya, ¥ ka,+ -tk a
b

w |

where k,EK. Substituting in (1), we obtain

Accordingly, {a,v;} is linearly independ_enl over K and the theorem is proved.

w= (kn y ot ke ) (kzxa ot kg0 )0t -+ (ka 4 knm a,)v,
=k a0, "+kamam" +kyau, ka0, -tk e, + +knmamvn
R =2 k(o)
_'j_ Y] .
9___ where k; € K. Thus w is a linear combination of the a,u; with coefficients in K; hence {a,v;} generates E ;o
3'. over K. b
The proof is complete if we show that {av;} is linearly independent over K. Suppose, for scalars S
9' 1, €K, 2Zxiaw)=0; thatis, . . : : U
: o
(xa,v; + x,,850, +"'+Ix".“m"|)+""+.(xn|alv t X 00, X a )= 0
3-._ of (xiva, +X|zaz+"' +xlmam)u - +(x",a tx @t tx a4 Y, =
. . [
) ~ Since {v,,-- -, ,‘} is linearfy mdependem ‘over: L and since the above coefﬁcnems of the v, belong oL,
) each coefficient must be 0: (
) X8, txg, + -+ x,a,=0, .., ':t,,,a,+x,,2nzl+-:-+x,, a,=0 (
3 But {a,,...,a,} is linearly independent over K; hence since the x,€K (
) X!|=0-‘ xlzzd' ":t xhn:Ot s xnl=07 xn1=‘0\ . X :0 Q
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8.46  What is meant by the usual basis of the vector space R"? : ' s

1 Consider the following n vectors in R": C

.

e,=(1,0,0,...,0,0), ¢=(0,1,0,...,0,0), ..., ¢,=(0,0,....0.1)

- These vectoss ase lineasly independent.and span R™.

[See Problem 8.49.} Thus the vectors form: a basis of
R” called the usual basis of R”.

8.47 Show that dimR" =

1 The above usual basis of R” has n vectors; hence dimR” =n.

8.48 Let U} be the vector space of all 2 X3 mairices over a field K. Show that dim ¥ =6.

¢z

I The following six matrices,

100y 010 00 N 0o rooo. 0 00
(ooo) (ooo .._'(ooo) -'(100) (010 (():J}h_)_

,are lmcarh mdependenl and smn U and hcnce form a basis of U. [Sce Prohlem 491 Thus dim U = 6
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Let V be the vector space of m X n matrices over a field K. Let E;€V be the matrix with 1 as the
ij-entry and 0 elsewhere Show that (E,.,.} is.a basis of V. Thus dim V=mn. (This basis is called the
usual basis of V.] )

I We need to show that {E,} spans v and is mdependenl Let A=(a;) be any matrix in V. Then

A= E a,E;. Hence (E, " spans- V.
Now' suppose that Ex E;=0 ‘where the x;; are scalars. The ij-entry of 2 x,E; is x;, and the q-enlry

m, j=1,...,n. Accordingly the malnces E are mdependenl

Thus {E;} is a basis of V.

Remark: Viewing a vector in K" as a 1Xn matrix, we have shown by the above resuit that the usual

basis of R” defined in ‘Problem 8.46 is a basis of R".

Theorem 8.7: Suppose dimV=n; say {e,,...,e,} is a basis of V. Then

(i) Anysetof n+1 ormore vectors is linearly dependent.
(ii) Any linearly independent set is part of a basis.

" {iii)_A _linearly independent set with r elements is a basis.

(0,71, (3,

Prove (i) of Theorem 8.7: Anyset of n +1 or more vectors is linearly dependent. -

1 Since {e,,...,e,)} generates V, any--n+1 or more vectors is dependent by Lemma 8.3.

Prove (i} of Theorem 8.7: Any linearly indepcnde‘nl set is part of a basis.

,0,} is independem- By Lemima 8.3, V is generated by a set of the form §=
By the preceding problem, a subset of S is a basis. But § contains n elements
- Thus § is a basis of V and contains {v,,...,p,) as a subset.

] Suppbse {v,,...
{v,,...,v,,e.,....¢ _’}.

r l.

and every basis. o£ V contains n elemcms

Prove (jii} of Theorem 8.7: A linearly independent set with n elements. is a basis.

] By (i), an independent set T with n 'eIenie_ﬁlé is part of a basis. But every basis of V contains n

elements: Thus, T is a basis.

Show that the following four vectors form a basis of R*: (1,1,1,1), (0,1,1,1), (0 0,1,1). (0,0,0,1).

I The vectors form a matrix in echelon form, and so the vectors are Imearly independent. Furthermore,

since dimR*=4, they form a basis of R

Determine whether or not each of the following form a basis of R*: (a) (1,1, 1) and (1 =1, 5); (b3 (1,2,3),
-1 0)’ and (2,1, 2)

1 A bas:s of R* must contain exactly three elements, smce dimR* =3. Therefore, nenher the vectors in
(e) nor the vectors in (b) form a basis of R

Determine whether the vectors (1, 1, 1), €1,2.3% (2, =1,1) form a basis of R>. -

1 The three vectors form a basis if and only if they are independent.
are the given vectors and row reduce to echelon form: ’

11 1 1 1 1 1 1 1)
r 2 3F 1o 0 1 2} 0 (012)
2 -1 1 0 -3 -1/ 005

The cchelon matrix has no zero rows; hence the three vectors are independent and so form 2 basis for R>.

Thus form the matrix whose rows

Determine whether .(l, 1.2). (t,.Z, 5), (5% 3.4} form a basis of R

! Form the matrix whose rows are the given vectors.and row reduce 1o echelon form:

oy 12
‘ f‘a‘:" 1 3}. o (0 1'3) _
¢ -F —6F o 6 o/

L2y
(125»
534

©00000000000060000086

i Soamioen i s b

'-a_{....w-w-;u .’.,-.?‘.—.l.:.q.-b-«-—.._-.g,...-.. C e
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o ™
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The échelon matrix has a zero row, i.e., only two nonzero rows; hence the three vectors ire dependent and
so do not form a basis for R>. _

Problems 8.57-8.59 refer 10 the vector space V of polynomials in 7 of degree <n.

Show that {1,¢,¢%,...,1"} is-a basis of V; hence dimV=n+1.

I Clearly each polynomial in V is a linear combination of 1,¢,...,1" " and 1" Funhermore, -
1,f,...," 7" and 1" are independent since none is a linear combmauon of the preceding polynomials.
Thus {1,1,...,1"} is a basis of V.

Show that {1,r-1,{r— -, {t=1)"} isabasisof V.- -

I [Since dimV=n+ l any n+1 independent polynomials form a basis of V.] Now each polynomial
in the sequence 1,1- ,(1—1)" is of degree higher than the precedmg ones and so is not a linear
combination of the precedmg ones. Thusthe n +1 polynomials 1,1-— ., {1—1" are independent

and so form a basis of V.

Determine whether or not {1+ 6,6+ 42+, .., "' + "} isabasisof V.
I The polynomials are linearly independent since each one is of degree higher than the preceding ones.

However, the set contains only n elements and dim V= n+1; hence it is not a basis of V.

Lel V be the vector space of . 2 X 2 symmetnc matrices over K.  Show thal dimV=3. [Recall that
=(a;) is symmetrc iff A A" . or, equivalently, a;= a.}

I An arbllrary 2x2 symmelnc matrix is of the form A= ([2 b where a, b c€ K. [Note that

there- are three “variables.”} Setting (i) a=1, b=0, c=0; (n) a=0, b=1, ¢=0; and (iii)
a=0, b=0, ¢=1, we obtain the respective matrices . ;

f( ) a0 B0

We show that {E,, E,, E,} is a basis of V, i.e., that it (1) generates V and (2) is independent.
(1) For the above arbitrary matrix 4 in V, we have

A=(1’; 'C’)=a£',+b£zfc£,

Thus {E,, E,, E,} gencrates V. )
(2) Suppose xE,+yE,+ zE,=0, where x, y, z are unknown scalars. That is, suppose

10 01 0 0y (0 O . xy)__OO
(o o)“’(l 0)“(0 1) (o 0) or (y-« z ‘(o, 0)
Setling corresponding entries equal 10 each other, we obtain x=0, y=0, z=0. In other words,

xE +yE,+zE,=0 implies x=0, y=90, z=0. Accordingly, {E,, E,, E,} is independent.
Thus {E,,I—L EJ} is a basis of V and so the dimension of V is 3.

Let W be the vector space of 3Xx3 symmetric matrices over K. Show that dim W=6 by exhibiting a
-basis of W. [Recall that A =(a,) is symmetric iff a;=a,.]

I “The folowing six matrices form a basis of W

1} 00 ¢ 0 0 0 00 610 ¢ 0 1\ - C 00

00 0) (0 1 0 (0 00 v(l o0 (0 0o 0} (0 0 ])

00 0/ 0060 001 0 00 1 0 0/ 0 1 O
What is the dimension of the vector space U of nXn symmetric matrices ow;r a field K?

I As indicated by Problem 8.61, each- element on or above the dlagonal corresponds to a basis element;
hence dmU=n+(n-1)+-- +2+]—-,n(n+l)

ri T
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8.63

8.64

8.65

. 3’.66

8.67

8.68

Let W be the vector space of 3X 3. .antisymmetric matrices over K. Show that dnm W=3 by exh:bmng
a basis of W. [Recall that A =(a; 3 is antisymmetric iff a,=-a,.}

I The following three matrices form a basis of W: _ C]

01 0y [ 00 1 0 0 0\
(—n 0 0:}- - ( 00 o}' (o 0 1}
60 0 -t 0 of 0 -t o

What is the dimension of the vector space U of » X » antisymmetric matrices over a field K?

I Asindicated by Problem 8.63, each element above the diagonal corresponds to a basis element; hence
dmU=(n—-1ty+(n—-2)+---+2+1=in(n—1)L

Show that the complex field C is a vector space of dimension 2 over the real field R.

I We claim that {I,i} is a basis of C over R. Forif vE€C, then v=a+bi=a-t+b-i where
a,beR; e, {1,i} generates C over R. Furthermore, if x-t+y-i=0 or x+yi=0, where

X, YER, lhen x=0 and y=0; .e.,{} i} is linearly independent-over R. Thus {I. ¢} is'a basis of C
over R, and so C is of dimension 2 over R.

Show ihat the real field R is a vector space.of infinite dimension over the rational field Q

I We claim that, for any a, {1, 7, w°, ... #"} is linearly independent over Q. For suppose 4,1 +
amtayw +--+a,wn" =0, where lhe a0, €Q, 1nd not all the a; are 8. Then = is a root of the
following nonzero polynomial over Q: a,+a,x+a,x’ +---+ax". Butit can be shown that & is a
transcendental number, i.e. lhal 1; |s not a rool of any nonzero polynom:al over Q. Accordingly. the
n+1- real numbers t, w, #°, ..., %" are linearly independent over Q. Thus for any. ﬁmlc n, R cannot be

- of dimension n over Q, e, R is of mhmtc dimension-over Q.

Let V be the vector space of ordered pairs Qf complex numbers over the real field R. Show that ¥ is of
dimension 4. - . -

I We daim that the following is a basis of V: 8= {(1,0).(, 0),(0. 11.¢0.i}). Suppose wveV. Then
v=_(z,w) \vhere z, w are complex numbers, and so0 v ={(a+bi,c+ di} where a.b.c.d are real
numbers. Then v =a(l,0)+ b6(1,0) + (0,1} + (0, i). Thus B generates V.

The proof is complete if we show that B is.independent. -Suppose v (LY + (i 0) + x,(0, )) +
(0, i)=0 where X, X5, 6. 5, ER. Then

X, Fxi=0

- Q—_I +x,0 0+ 0} =(0.0)  andso {_\_3 Fxi=0

: Accordingly x, = 0,. x,=0, ,=0, x,=0 and so B is independent.

Suppose dim V= n. Show that a generating set with n elements is a basis.

I Suppose u,, Uy, ....u, span V and the vectors are linearly dependent. Then onc of them is a linear
combination of the others and so may be deleted from the spamming set. Hence V is spanned by n—1
vectors. This is impossibie since  dim V=n. Thus the u; are Knearly independem and hence form & basis
of-V.

8.5 DIMENSION AND SUBSPACES

8.69

Theorem 8.8: Let W be a subspace of an n-dimensional vectar space V. Then dim W =npn. In particular,

if dmW=n then W=V

Prove Fheorem 8.8 which gives. the basic relnuensh}p behveen the dimension of a vector space ¥ and the
dimension of 2 subspace Wof V.

T Since V' is of dimension n. .'my " +1 or more vectors are lmearly dependent. Furthetmore. since a

basis.of W consists of linearly independent veciors. it cannot contain more than n eléments.  Accordingly.
dim W =< . '






Diagonal elements are 0


