Homework 14.4.2026. 
Convergent Real Sequence Has Unique Limit
Theorem
Let (s_n) be a real sequence.
Then (s_n) can have at most one limit.
Proof 1
We prove by contradiction.
Suppose that the sequence (s_n) converges to l and also converges to m.
That is:
lim(n→∞) s_n = l
and
lim(n→∞) s_n = m
Assume l ≠ m.
Define:
epsilon = |l - m| / 2
Since l ≠ m, we have epsilon > 0.
Because s_n → l, by the definition of convergence:
There exists N1 ∈ N such that for every n > N1,
|s_n - l| < epsilon
Because s_n → m:
There exists N2 ∈ N such that for every n > N2,
|s_n - m| < epsilon
Now let:
N = max{N1, N2}
Then N is greater than both N1 and N2, so both inequalities hold for n = N.
Hence:
|s_N - l| < epsilon
and
|s_N - m| < epsilon
Now write:
|l - m|
|l - s_N + s_N - m|
Using the triangle inequality:
|l - m| ≤ |l - s_N| + |s_N - m|
But each term on the right is less than epsilon, so:
|l - m| < epsilon + epsilon = 2 epsilon
Since epsilon = |l - m| / 2, we get:
|l - m| < |l - m|
This is impossible.
Contradiction.
Therefore our assumption l ≠ m was false.
Hence:
l = m
So a convergent real sequence has only one limit.
QED
Short Intuition
If a sequence converged to two different numbers, then eventually all terms would have to be very close to both numbers at the same time.
But if the two numbers are different, this cannot happen forever.
Theorem: Order Preserved in the Limit (Sandwich Inequality Form)
Let (x_n), (a_n), and (b_n) be convergent real sequences.
Suppose:
x_n → x
a_n → a
b_n → b
Assume that there exists N ∈ N such that for every n ≥ N:
a_n ≤ x_n ≤ b_n
Then:
a ≤ x ≤ b
Proof
We first prove:
x ≥ a
We use contradiction.
Assume:
x < a
Choose:
epsilon = (a - x) / 2
Since x < a, we have epsilon > 0.
Because x_n → x, there exists M1 ∈ N such that for all n ≥ M1:
|x_n - x| < epsilon
So:
x - epsilon < x_n < x + epsilon
Substitute epsilon = (a - x)/2:
x_n < x + (a - x)/2 = (x + a)/2
Thus:
for all n ≥ M1,
x_n < (x + a)/2
Because a_n → a, there exists M2 ∈ N such that for all n ≥ M2:
|a_n - a| < epsilon
So:
a - epsilon < a_n < a + epsilon
Hence:
a_n > a - (a - x)/2 = (x + a)/2
Thus:
for all n ≥ M2,
a_n > (x + a)/2
Now let:
M = max{N, M1, M2}
Then for every n ≥ M, all three facts hold:
1. a_n ≤ x_n (given hypothesis) 
2. x_n < (x + a)/2 
3. a_n > (x + a)/2 
From (2) and (3):
x_n < (x + a)/2 < a_n
So:
x_n < a_n
But this contradicts:
a_n ≤ x_n
Contradiction.
Therefore the assumption x < a is false.
Hence:
x ≥ a
Now we prove:
x ≤ b
The argument is completely analogous.
Assume x > b.
Choose:
epsilon = (x - b)/2
Using convergence of x_n and b_n, for sufficiently large n we obtain:
x_n > (x + b)/2 > b_n
But the hypothesis says:
x_n ≤ b_n
Contradiction.
Therefore:
x ≤ b
Combining both results:
a ≤ x ≤ b
Conclusion
If eventually every term of x_n lies between a_n and b_n, then the limit of x_n must lie between the limits of a_n and b_n.
Theorem
Limit of Subsequence Equals Limit of Sequence
 
Let (x_n) be a sequence in a topological space.
Suppose:
x_n → l
Let (x_{n_r}) be any subsequence of (x_n).
Then:
x_{n_r} → l
In words:
Every subsequence of a convergent sequence converges to the same limit.
Special Case: Real Numbers
Let (x_n) be a real sequence.
If:
lim(n→∞) x_n = l
and (x_{n_r}) is a subsequence of (x_n),
then:
lim(r→∞) x_{n_r} = l
Proof
We use the definition of convergence.
Assume:
x_n → l
This means:
For every epsilon > 0, there exists N ∈ N such that for all n ≥ N:
|x_n - l| < epsilon
Now let (x_{n_r}) be a subsequence.
By definition of subsequence:
n_1 < n_2 < n_3 < ...
So the indices are strictly increasing.
Hence:
n_r ≥ r
and in particular:
r ≥ N implies n_r ≥ r ≥ N
Therefore, whenever r ≥ N:
|x_{n_r} - l| < epsilon
because n_r is one of the original indices larger than or equal to N.
So we have shown:
For every epsilon > 0, there exists N such that for all r ≥ N:
|x_{n_r} - l| < epsilon
This is exactly the definition that:
x_{n_r} → l
Conclusion
Every subsequence of a convergent sequence has the same limit as the original sequence.
 
Intuition
If all late terms of the original sequence are close to l, then any subsequence, which only selects some of those late terms, must also stay close to l.


Intersection of Two Subspaces Is a Subspace
Problem
Let H and K be subspaces of a vector space V.
Define:
H ∩ K = { v ∈ V | v ∈ H and v ∈ K }
Show that H ∩ K is a subspace of V.
Proof
To prove that H ∩ K is a subspace, we check the three subspace conditions:
1. Nonempty (contains zero vector) 
2. Closed under addition 
3. Closed under scalar multiplication 
Step 1: Zero vector belongs to H ∩ K
Because H and K are subspaces, each contains the zero vector.
So:
0 ∈ H
0 ∈ K
Therefore:
0 ∈ H ∩ K
Hence H ∩ K is nonempty.
Step 2: Closed under vector addition
Take any vectors:
u, v ∈ H ∩ K
By definition of intersection, this means:
u ∈ H and u ∈ K
v ∈ H and v ∈ K
Since H is a subspace, it is closed under addition:
u + v ∈ H
Since K is also a subspace, it is closed under addition:
u + v ∈ K
Therefore:
u + v ∈ H and u + v ∈ K
So:
u + v ∈ H ∩ K
Hence H ∩ K is closed under addition.
Step 3: Closed under scalar multiplication
Take any scalar c and any vector v ∈ H ∩ K.
Then:
v ∈ H and v ∈ K
Because H is a subspace:
cv ∈ H
Because K is a subspace:
cv ∈ K
Therefore:
cv ∈ H ∩ K
So H ∩ K is closed under scalar multiplication.
Conclusion
H ∩ K satisfies all three conditions for a subspace.
Therefore:
H ∩ K is a subspace of V.
To prove closure under addition:
If u, v ∈ H ∩ K, then both vectors lie in H and in K.
Since both H and K are subspaces, each is closed under addition, so:
u + v ∈ H
u + v ∈ K
Therefore:
u + v ∈ H ∩ K
Theorem
Let V be a vector space over a division ring K.
Let S ⊆ V be a subset of V.
Then the linear span span(S) is a subspace of V.

Proof 1
First, suppose that S = ∅.
By definition of linear combination of the empty set, it follows that:
span(∅) = {0}
where 0 denotes the zero vector of V.
Since {0} is the trivial subspace, it follows that:
{0} is a subspace of V.

Now suppose that S is non-empty.
Every vector v ∈ span(S) has the form:
v = ∑(k=1 to n) λ_k v_k
where n ∈ N, λ_k ∈ K, and v_k ∈ S.
We use the Two-Step Subspace Test.

Step 1: Closure under scalar multiplication
Let λ ∈ K and v ∈ span(S).
Then:
λv = λ(∑(k=1 to n) λ_k v_k)
Using distributivity:
λv = ∑(k=1 to n) (λ λ_k) v_k
Each term is still a linear combination of elements of S, hence:
λv ∈ span(S)

Step 2: Closure under addition
Let v, w ∈ span(S).
Then:
v = ∑(k=1 to n) λ_k v_k
w = ∑(l=1 to m) μ_l w_l
where all v_k and w_l belong to S.
Then:
v + w = ∑(k=1 to n) λ_k v_k + ∑(l=1 to m) μ_l w_l
This is again a finite linear combination of vectors from S, hence:
v + w ∈ span(S)

Since span(S) is closed under addition and scalar multiplication, it follows that:
span(S) is a subspace of V.



List Longer Than the Dimension Is Linearly Dependent
Theorem
Let V be a finite-dimensional vector space with:
dim(V) = n
Then any list of vectors in V containing more than n vectors is linearly dependent.
In other words:
If (v1, v2, ..., vm) is a list in V and m > n, then the list is linearly dependent.

Proof (standard argument via dimension)
Let dim(V) = n.
Then there exists a basis:
B = (b1, b2, ..., bn)
So B spans V and is linearly independent.

Step 1: Use the spanning property
Since B spans V, every vector in V can be written as a linear combination of b1, ..., bn.
In particular, each vi (for i = 1, ..., m) can be expressed as:
vi = a1i b1 + a2i b2 + ... + ani bn
So all m vectors lie in the span of n basis vectors.

Step 2: Apply the key idea (pigeonhole principle for vectors)
We now consider the list:
(v1, v2, ..., vm)
expressed in terms of n basis vectors.
Since there are more vectors (m > n) than basis directions (n), some vector must be expressible as a linear combination of the previous ones.
More formally, we build a matrix of coefficients of size n × m.
This matrix has more columns than rows, so its columns are linearly dependent.

Step 3: Conclude linear dependence
Thus there exist scalars:
c1, c2, ..., cm not all zero
such that:
c1v1 + c2v2 + ... + cmvm = 0
Therefore the list is linearly dependent.

Conclusion
Any list of more than n vectors in an n-dimensional vector space is linearly dependent.

2. 

Translate this story into Serbian. ( an excerpt to the story  Interview with the Crab,  by Jonatham Lethem)

The door to the crab’s faux-Georgian Tallahassee mansion was opened by a male housekeeper with a trim red mustache, razor-cut orange hair showing white at the temples, and the disapproving air of a Mormon or Scientologist functionary.
He was dressed not in Western garb, nor that of a houseboy or cook, but instead in Chinese robes, so he resembled the token occidental opponent in a martial arts film.
The type who lurks at the side of the primary Asian villain, and is dispatched by the hero penultimately and with great effort, as a kind of respectful nod to the Western viewer.
I wondered if he might be the same person I’d negotiated with on the telephone, so protractedly, in seeking my interview with his employer.
If so, he said nothing to confirm my suspicion, and spoke only deferentially now that I’d been granted access to the house.
The foyer and entrance hallway of the crab’s home were two stories high, with round-topped cathedral windows that flooded midday illumination on the mute, carpeted surfaces of floor and stairway, on the beige walls and tastefully framed black-and-white photographs.
Many of which, I noted at a glance, contained images of the crab with grinning visitors to the set of his old television program, Crab House Days.
The housekeeper closed the door behind me and we stood together dwarfed in pillars of high light and, it seemed to me, suffocated by the Floridian summer heat and the faint odor of proteinous seashore rot that permeated the unconditioned air of the apparently immaculate house.
“He’ll see you by the pool, Mr. Lethem.”
I wasn’t a fan of Crab House Days during its original run.
The sitcom’s five-season heyday as ABC’s leading Wednesday night comedy program began during my second year of college, when I was least likely to care or even know what was on television or on supermarket magazine covers.
Crab House Days was by then well into its life as a late-night rerun, nobody’s idea of hot news.

watched Crab House Days idly at first, but soon I found myself entranced by the melancholic longueurs which would from time to time open up within the antic behaviors of the giant, housebound crab and his bawdy, ingenuous human family, the Foorcums.
So many evenings Crab House Days, ostensibly a laugh-riot, seemed to end on a wistful note.
Pansy Foorcum, the abrasive sexpot daughter who was nonetheless the crab’s only reliable confidante, would make herself ready for a date, talking to the crab through the shared wall of their bedrooms as she dressed and applied makeup for a night out, and then go, leaving the crab time and time again to scuttle and fiddle alone in his room.
Pansy in many ways played the role of the crustacean’s advocate and mediator among the other Foorcums: Sternwood, the crab’s loutish father; Grania, the crab’s befuddled and mawkish mother; and, of course, the crab’s and Pansy’s younger sibling, the scene-stealing punk-Libertarian brat Feary Foorcum.
Squabbling would cease as all four of the others contemplated Pansy’s departure from the house.
The other family members seemed saddened, their energies dampened, as though the pleasure in baiting and insulting the giant crab were diminished past any value once Pansy was no longer present to stick up for him.
For the crab’s part, his passive-aggressive ripostes and mordant asides were seemingly lost on their actual targets, Sternwood and Grania and Feary; rather, they were meant for Pansy’s ears, and with her departure the crab typically fell to an irate and wounded silence.
Now I allowed myself to be led through the foyer, past a vast, apparently unused dining room, its chairs and table covered with sheets, and through to the back patio.
The housekeeper and I stepped through the frame of a sliding glass door.
Lawn and gardens extended to high walls of vine-covered brick, fronted with a row of palm trees, and scattered between the house and the limits of the yard were well-tended circular plantings of midget palms and ferns, around an unusually large rectangular pool lipped with a wide margin of peach-colored tile.
On the pool’s tile, between three slatted wooden deck chairs and a low matching table, squatted the crab, wide and round as a golf cart, yet no higher than my knee.
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