Change of Basis
The matrix of an operator T ∈ L(V) depends on a choice of basis of V. Two different bases of V may give different matrices of T. This section explains how these matrices are related, which will later help in finding formulas for the trace and determinant of T.
With respect to any basis of V, the identity operator I ∈ L(V) has a diagonal matrix
I = [ 1 0 ... 0
      0 1 ... 0
      . . . .
      0 0 ... 1 ]
[bookmark: _GoBack]This matrix is called the identity matrix and is denoted I. The symbol I can denote either the identity operator or the identity matrix, depending on the context. For example:
M(I) = I
where the left I is the identity operator and the right I is the identity matrix.
If A is a square matrix of the same size as I, then
AI = IA = A
A square matrix A is called invertible if there exists a square matrix B of the same size such that
AB = BA = I
We call B an inverse of A. The inverse is unique: if B and B' are both inverses of A, then
B = BI = B(AB') = (BA)B' = IB' = B'
so B = B'. We denote the inverse of A by A^-1, which satisfies
AA^-1 = A^-1A = I

Matrix of Linear Maps and Operators
Suppose we have three finite-dimensional vector spaces U, V, and W with bases (u1, ..., up), (v1, ..., vn), and (w1, ..., wm), respectively. If T ∈ L(U,V) and S ∈ L(V,W), then ST ∈ L(U,W) and
M(ST, (u1, ..., up), (w1, ..., wm)) =
  M(S, (v1, ..., vn), (w1, ..., wm)) * M(T, (u1, ..., up), (v1, ..., vn))

Example: Matrix of Identity Operator Between Bases
Consider the identity operator I and two bases of F^2:
(u1, u2) = (4,2), (5,3)
(v1, v2) = (1,0), (0,1)
Then
M(I, (u1,u2), (v1,v2)) = [ 4 5
                            2 3 ]
Its inverse is
M(I, (u1,u2), (v1,v2))^-1 = [ 3/2 -5/2
                              -1   2 ]
Hence,
M(I, (v1,v2), (u1,u2)) = [ 3/2 -5/2
                            -1   2 ]

Proposition 10.2
If (u1, ..., un) and (v1, ..., vn) are bases of V, then
M(I, (u1, ..., un), (v1, ..., vn))
is invertible, and
M(I, (u1, ..., un), (v1, ..., vn))^-1 =
M(I, (v1, ..., vn), (u1, ..., un))
Proof: Directly from the definitions of the identity operator and matrix multiplication.

Theorem 10.3: Change of Basis Formula
Suppose T ∈ L(V) and let (u1, ..., un) and (v1, ..., vn) be bases of V. Let
A = M(I, (u1, ..., un), (v1, ..., vn))
Then the matrix of T with respect to the u-basis is
M(T, (u1, ..., un)) = A^-1 * M(T, (v1, ..., vn)) * A
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