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Foreword

On the evening of 31 January 1958, in the Great Hall of the US National Academy of
Sciences, James A. Van Allen, Wernher von Braun, and William Pickering held aloft
the engineering model of the Explorer I spacecraft that had just been successfully
launched into orbit by the United States. The discoveries made by instruments
within this small artificial terrestrial satellite and the succeeding several space
missions showed that the Earth’s magnetic field is capable of confining energetic
particles in a highly effective manner. Subsequent research showed that the region
surrounding the Earth is not just a passive reservoir of trapped radiation, but is—in
fact—an example of a powerful, efficient astronomical particle accelerator. Having
such a remarkable accelerator in our cosmic backyard, so to speak, has made
the discovery of Van Allen and coworkers all the more important to the broader
discipline of astrophysics.

Several generations of researchers have grown up, in a scientific sense, grappling
with the issue of how charged particles are accelerated, transported, and ultimately
lost in the terrestrial magnetic environs. The explorer’s guide to this fascinating
realm of magnetospheric mystery has been the classic textbook of J. G. Roederer
entitled Dynamics of Geomagnetically Trapped Radiation published in 1970. This
book showed in clear, concise ways how the Earth’s magnetic field was configured
and showed how and why energetic particles moved in the complex way that they
were observed to do. Since the pioneering work of Van Allen and coworkers,
space research has shown that essentially all magnetized planets have variants of
the Earth’s radiation regions surrounding them. A gas giant planet like Jupiter
has unimaginably intense radiation belt particle populations. A small, airless,
magnetized body like Mercury does not have stable radiation belts in a strict
sense, but nonetheless energetic electrons and ions spiral, bounce, and drift in that
planetary magnetic field as much as the physical system will permit. Truly, the
processes played out in the terrestrial magnetospheric laboratory have relevance to
every plasma system human machines have visited directly. It is not an unreasonable
extrapolation to conclude that the physics that has been worked out for the
geomagnetic domain will have great applicability to many of the thousands of extra-
solar system planets now discovered around other stars.
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viii Foreword

Since the publication of Roederer’s book in 1970, there has been an exponential
increase in the exploitation of space for human societal purposes. The fact that the
space environment greatly affects operational spacecraft and many other technolo-
gies has given rise to the concept of “Space Weather”. The need to understand the
near-Earth radiation environment even to the point of accurate predictive modeling
has made the value of Roederer’s book even more obvious. Now a new NASA
mission, the Radiation Belt Storm Probes (renamed the “Van Allen Probes” mission)
has recently come on the scene. This amazing mission has already been reworking
the observational landscape and it will require even deeper physical understanding
of energetic particle behavior.

In light of the renewed interest and public fascination with radiation belt science,
it is entirely fitting that a new version of the classic Roederer textbook be published.
In these pages, Prof. Roederer and his colleague Hui Zhang have completely
modernized and reworked the original book. Those familiar with the original text
will recognize the structure and approach to particle motion and trapping properties.
But the reader will also find new treatments, deeper physical insights, and better ties
to broader plasma physical issues. Thus, this revamped version of the classic text
provides a refreshing and timely new contribution to a field of study that got its start
over five decades ago and, yet, is as important to space science as it ever was.

University of Colorado Daniel N. Baker
Boulder, Colorado, USA Director, Laboratory for
Astrophysics and Space Physics



Preface

The discovery in 1958 of magnetically trapped energetic particles surrounding
planet Earth [1, 2] marked the beginnings of a new scientific discipline—Space
Physics. Early US and Soviet satellites provided a wealth of initial data on the
radiation belts; internationally coordinated satellite missions in the 1970s led to
the study of relevant source, acceleration and diffusion processes. In the 1980s
and 1990s, with the Pioneer, Galileo and Cassini missions, space physics turned
its interest to the outer planets; terrestrial radiation belt studies fell somewhat into a
hiatus. The situation, however, is changing, with several satellite missions like the
NASA Van Allen Probes, the Canadian Outer Radiation Belt Injection, Transport,
Acceleration, and Loss Satellite (ORBITALS) and the Japanese Energization and
Radiation in Geospace (ERG) mission, all designed to enhance our understanding
of radiation belt dynamics. After only a few months in orbit, the Van Allen Probes
duo already has provided unsuspected and tantalizing results on the dynamics of
geomagnetically trapped particles [3,4]. This whole development—we may call it
rejuvenation of radiation belt physics—will also require revitalizing the theoretical
studies of all physical processes involved.

This book represents a thorough revision, expansion and update of Juan
G. Roederer’s 1970 “classic” Dynamics of Geomagnetically Trapped Radiation [5]
(Russian translation: Dinamika Radiatsiy, Zakhvatchennoi Geomagnitnim Polyem,
Publishing House Mir 1971, Moscow). It is complemented and amplified with
material from more recent lecture notes from both authors and their research
experience in the study of terrestrial and Jovian magnetospheres.

Like its old predecessor, this is not a cookbook with recipes that can be followed
blindly to obtain some concrete results. Emphasis is not on the “what” but on
the “why” of things out there in near-earth space. Our goal is not to tell but to
explain, leading the student and beginning scientist on a path of understanding the
underlying physics—rather than just offering a collection of laws and rules and their
mathematical expressions. Our hope is to provide the reader with the mental tools
to find out, not only what physical variables are related to each other, but why they
are related at all, and to seek new causal relationships as new experimental results
become available. In short, old equations can be looked up in books—new ones must
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X Preface

be created by the brain. Essential theoretical complements for the present volume
are Northrop’s classic booklet [6], mathematically rigorous but highly compressed
(it has everything!), and the detailed and highly didactical treatise by Rossi and
Olbert [7] (it’s all relativistic!).

The senior author (JGR) thanks his wife Beatriz for her infinite patience when,
after almost 20 years of “active retirement” and his defection into a biology-
related research field, he decided to come back to the good old topic on which
he once built his career as a young scientist. The junior author (HZ) wishes to
express her gratitude to Robert McCoy, Director of the Geophysical Institute, for
his encouragement and the financial support from the Geophysical Institute for
her time to participate in this enterprise. And both authors are immensely grateful
to Soléne Lejosne, who during the course of her thesis work at the University of
Toulouse (France) [8] had contacted JGR with a number of very pointed questions
and comments on his old book. On that basis we took the fortunate decision
to ask Ms. Lejosne to help us as an unbiased critical reviewer from a grad-
student’s perspective, which she did with painstaking precision and dedication. Her
collaboration confirmed the long-suspected fact that young scientists are far more
valuable judges of the pedagogical value of a written piece than older experts!

The prerequisites for understanding the physics discussed in this book are
some basic understanding of the magnetosphere and its principal regions and
perturbations, and a reasonably good knowledge of electromagnetism, up to and
including Maxwell’s equations. To remind the reader of some necessary tools from
that latter discipline, we have written Appendix A.1 which, rather than a mere
presentation of algebraic, differential and geometric vector relationships between
magnetic and electric field quantities needed in the main text, presents a discussion
of the physical meaning and field-topological consequences of such relationships.
We briefly elaborate in a perhaps less traditional way on Maxwell’s equations and
some important conceptual aspects that are germane to a better understanding of
cause-and-effect relationships in the physics of radiation belts and magnetospheric
plasmas. We strongly recommend that Appendix A.1 be read first.

Chapter 1 develops the adiabatic theory of particle motion from first principles.
It is presented as a prime example of physics as the art of modeling, in which
a complex real system is replaced by a highly simplified virtual, i.e., imagined
one. In our case, the original system is a charged particle in complex multi-
periodic motion in a magnetic field, replaced by a so-called guiding center particle
(a model!) of equal mass and charge, moving in a smooth, uncomplicated way
(having averaged out the smaller scale turns and loops of the real particle).
The instantaneous position of this virtual particle is the guiding center, a point in
space whose coordinates depend on the local magnetic field and the properties of
the real particle. In addition, we show why the guiding center particle is endowed
with a magnetic moment which impersonates average electromagnetic properties
of the rapidly cycling motion of the original particle. The notion of drift velocity
is introduced, and other fundamental physical magnitudes germane to adiabatic
motion are defined; drift velocities are classified into zero order (independent of
the particle’s dynamic properties), first order and higher order. The first adiabatic
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invariant is defined and a simple demonstration of its near-constancy under certain
restrictions (the adiabatic conditions) is given. We then discuss in detail what
happens to a charged particle in its cyclotron motion when the magnetic field is
slowly time-dependent, demonstrating the fundamental role of the often neglected
magnetic vector potential. Examples are given for zero and first order drifts in
simple field configurations. However simple, these examples (e.g., ion pick-up,
adiabatic breakdown, closed vs. open drift orbits and their separatrix, co-rotating
vs. convecting regions in an externally imposed electric field) illustrate some
important basic properties of particles trapped in the equatorial region of the
magnetosphere. In the course of this chapter, we emphasize that magnetic field lines
are purely geometric entities, useful for one’s mental representation of magnetic
field configurations but, like the notion of a guiding center particle, devoid of any
physical reality; nonetheless we give a phenomenological definition of field line
velocity—again putting to good use the vector potential and its local time variation.

Chapter 2 formalizes the definition of drift velocity in general terms for arbitrary
field configurations; some specific second order drifts are discussed. We show
why guiding center particles follow curved magnetic field lines (a non-trivial fact)
and discuss the conditions for that to happen. Since drifts are, by definition,
perpendicular to the local magnetic field vector, we then examine the parallel
motion of the guiding center, introducing the all-important concepts of particle
trapping, mirror points and periodic bounce motion. In discussing the concept of
bounce period we show that, like a pendulum at rest, even non-bouncing equatorial
(90°-pitch angle) particles have an intrinsic bounce period (with which external
perturbations can resonate). In the second part of this chapter, we take a close
look at the guiding center particle’s parallel acceleration and total kinetic energy
change along a magnetic field line in the presence of a field-aligned electric field,
deriving the energy equation and the so-called betatron and Fermi accelerations.
The chapter ends with a thorough discussion of the effects of given potential
(conservative) parallel electrostatic fields on a particle’s bounce motion, identifying
distinct regions of behavior in a parallel/perpendicular velocity map—a subject of
importance in auroral physics.

Chapter 3, based mainly on the 1970 edition [5], defines the fundamental
concept of trapped particle drift shells. Two additional field-geometric concepts
are introduced and added to the concept of guiding center: the guiding field line
and the guiding drift shell. All this leads to the definition of the second adiabatic
invariant and several related simplified expressions thereof valid for some special
cases. The conservation of the second invariant is demonstrated (in Appendix A.2).
Using this theorem, it is possible to trace drift shells in general fields, and despite the
“cookbook” disclaimer at the beginning of this Preface, some practical recipes are
given for numerical methods to accomplish this. The concepts of shell splitting and
pseudo-trapping in azimuthally asymmetric fields are discussed, and consequences
for particle trapping and diffusion are mentioned. Several examples are analyzed in
detail and analytical expressions for near-equatorial particles are given. A special
look is taken at the dipole field as a first approximation of the geomagnetic field.
Old but still much used quantities are introduced and discussed, such as the L-value
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and the system of invariant coordinates. We examine the situation of near-equatorial
particles (pitch angles near 90°), for whose drift orbits analytical relationships can
be written down for first-order magnetospheric field approximations. The last part
of this chapter deals with slowly time-varying fields and the resulting effects on drift
shells. We introduce the third adiabatic invariant, a purely field-geometric quantity
(the magnetic flux enclosed by a drift shell), and demonstrate (in Appendix A.3) its
constancy under adiabatic conditions. The process during the adiabatic change is
examined “under a microscope”, showing that adiabatic constancy is not absolute
but valid only when averaged over a drift period: under time-dependent conditions,
identical particles on the same drift shell share a common drift shell only at times
that are integer multiples of their drift period. Without proof, we mention that this
really is also true for the other two adiabatic invariants and their related periodicities.
A generalized L-parameter, or “L-star” is introduced, and a general method for its
calculation is presented.

Chapter 4 comes down from the lofty heights of pure theory and introduces the
concept of flux of an ensemble of adiabatically behaving particles. It defines the
corresponding physical concepts of differential directional flux and that of the ubiq-
uitous distribution function as average quantities linking actual particle ensembles
with macroscopic, measurable quantities like the mass, charge, number and energy
densities; bulk velocity; pressure and temperature. Particular attention is given to
transformation of phase-space related coordinates and corresponding transforma-
tions of the distribution function. A whole section is dedicated to the pressure
tensors and related definitions, and the physical meaning of their components,
especially the perpendicular and parallel pressures in the case of a magnetically
trapped ensemble of charged particles. In the definition of the perpendicular and
parallel temperatures, we try to deactivate the usual tendency to associate these
concepts with a Maxwellian distribution of particle velocities, showing that even
a mono-energetic and mono-pitch angle ensemble of particles can have both.
The example of a static distribution of trapped particles is examined in detail.
Another section is dedicated to flux mapping in invariant @, J, M space and
corresponding expressions, including their mutual transformations and relations to
particle distribution functions in phase space and other invariant coordinate spaces.
The chapter concludes with a brief discussion of trapped particle diffusion, with
emphasis on the processes involved and their effects on the distribution function.
The Fokker-Planck equation is derived for the radial diffusion case, and some
general qualitative rules for the determination of diffusion coefficients are given.

The aim of Chap. 5 is to analyze and help understand the magnetospheric plasma
as a self-organizing entity with self-generated electromagnetic fields (whereas in all
previous chapters, the magnetic and electric fields were given, of sources external
to the particle population). It starts with an introduction to collisionless plasma
physics exclusively based on the understanding of adiabatic motion of individual
particles. The concepts of particle (kinetic) and guiding center fluids are introduced
as yet another example of “physics as the art of modeling”. The corresponding
distribution functions and their relations to macroscopic quantities are examined for
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the hypothetical case of identical particle ensembles, linking magnetization density
with perpendicular pressure in a guiding center fluid. On the basis of very simple
examples (throughout the text we call these “kindergarten examples”), the physical
meanings of equivalent and convective current densities and their return circuits
in a guiding center fluid are analyzed in detail, with emphasis on their origin in
geometric aspects of cyclotron motion. Different classes of current densities are
defined in general terms and their role in the generation of magnetic stresses in a
particle ensemble is thoroughly examined. We finally turn to quasi-neutral mixtures
of positive and negative particles, introducing the so-called center of mass fluid,
discussing its properties and related equations. The concept of quasi-neutrality is
examined and the plasma parameter known as Debye length is introduced; the reason
why the magnetic field does not appear in the Debye length is discussed explicitly.
All this leads to the plasma momentum and magnetohydrodynamic equations. The
chapter concludes with the introduction of collisions and the formulation of the so-
called generalized Ohm equation; the physical meaning of its terms is discussed as
well its link to Maxwell’s equations and the “chicken-and-egg” problem of whether
currents drive fields or fields drive currents in a plasma. Several simplifications for
some special situations are discussed, introducing concepts like Hall conductivity,
magnetic field diffusion, frozen-in magnetic field lines and Alfvén waves.

To conclude this Preface and to facilitate the job of eventual book reviewers, we
list some likely critical comments and give our pertinent replies/justifications:

1. There are no problems, questions or exercises. Correct. We believe that any
instructor lecturing on this subject will be perfectly able to create meaningful
problems which are not just mathematical “plug-in” exercises, and are tailored
appropriately to the level of his/her class. Besides, throughout the text there are
several standard statements such as “it is easy to show that ...”. So just do that
as an exercise!

2. Where are the data? Nowhere. For two reasons: the book is on theory and the
really exciting new data are only now coming in.

3. Why are magnetospheric models not discussed? To show the fundamental
physics of trapped particles, it is enough to deal with uncomplicated, unsophisti-
cated models that still feature the most important characteristics of the real field,
and which can even lead to analytical expressions.

4. Where are the Euler coordinates? In some footnotes. They are very useful
tools for the math involved, but devoid of physical meaning (no direct, intuitive
relation to the sources of the field).

5. There are very few references, and my own work is not quoted. True. But for
instance in basic physics textbooks there usually are no references whenever
Newton’s or Maxwell’s equations are used. Ours is a textbook, not a collection
of review articles. Besides, there are some references—of papers which include
abundant literature sources.

6. The title of the book should be “Kinematics of Magnetically ... ”. Touché! But
consider this: in any basic dynamics textbook, we find statements such as “let’s
apply a force here” or “consider a system of mass points under the following
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constraints ...”, with no words about the interaction processes responsible for
those forces or constraints. And none are necessary if we just want to understand
what happens and why.

Happy reading and, more importantly, happy understanding!

Fairbanks, Alaska, USA Juan G. Roederer
August 2013 Hui Zhang
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Chapter 1
Particle Drifts and the First Adiabatic Invariant

1.1 Introduction: Adiabatic Theory and the Guiding Center
Approximation

The equation which describes the motion of a particle of charge g and mass m in
a magnetic field B, under the action of an electric field E and an external non-
electromagnetic force F, is given by

d dr dr |
d_t(md_t)_q(d_tXB+E)+F (1.1)

The solution r = r (¢, ro, vo) represents the position of the particle as a function of
time ¢, initial position r( and initial velocity vo. Equation (1.1) is described from
a given inertial frame of reference which we henceforth call the original frame of
reference (OFR) (also called the laboratory system).

The solution of (1.1) may represent a very complicated trajectory. For instance,
cosmic ray particle orbits in the geomagnetic field usually are of such nature. But
under certain conditions of field geometry, external forces and particle energy like
those prevalent in the radiation belts during geomagnetically quiet times, standard
periodicities appear which then allow a simplified description if one is not interested
in the actual instantaneous values of the phases in question, that is, if only average
or approximate positions of the particles are wanted. There can be as many as
three distinct types of periodicities: (i) the cyclotron motion, a periodicity in the
particle’s motion perpendicular to the magnetic field; (ii) the bounce motion, a
periodic motion up and down a magnetic field line; and (iii) the drift motion, a
periodic motion on a closed surface or drift shell, made up of field lines. Periodicity

'We shall use rationalized SI (Systéme International) units throughout this book. g is thus
expressed in Coulombs (elementary charge = 1.6021 x 10~!° Coulombs), B in Tesla (= 10*
Gauss)—see Appendix A.1.

J.G. Roederer and H. Zhang, Dynamics of Magnetically Trapped Particles, 1
Astrophysics and Space Science Library 403, DOI 10.1007/978-3-642-41530-2__1,
© Springer-Verlag Berlin Heidelberg 2014
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Fig. 1.1 Cyclotron motion B
along a field line

(i) is always the first to appear and has the highest frequency. It may exist even in
absence of (ii) and (iii). For instance, when a not-too-high energy cosmic ray particle
approaches the earth in the polar regions, it may have a clear-cut cyclotron motion
but no other periodicity. Bounce frequencies are usually orders of magnitude lower
than cyclotron frequencies; drift frequencies are orders of magnitude lower than
bounce frequencies. Any magnetic field in which particles have the capability of
bounce motion (ii) is called a trapping field. If, in addition, periodicity (iii) may
occur, we say that it has a configuration of stable trapping.

Cyclotron motion qualitatively represents a helical motion of the particle around
a field line (Fig. 1.1). In more precise terms, we say that cyclotron motion exists
if at any instant of time we can find a (moving) frame of reference in which an
observer sees the particle in a nearly circular periodic orbit, nearly perpendicular
to the magnetic field (with single periodicity at least during a few cycles). If such
a frame of reference can be found, we say that the guiding center approximation
holds, and we call this particular frame of reference the guiding center system
(GCS). The geometric center of the orbit is the guiding center; the (average)
radius pc is called Larmor radius, cyclotron radius or gyroradius. The period
associated with the cyclotron motion (time to complete one turn) is called the
cyclotron period tc. If no reference frame can be found in which the orbit is
periodic and closed, there is no cyclotron motion. This happens with very high
energy cosmic rays in the earth’s field. Note carefully that these are rather qualitative
descriptions, and that pc and t¢ are quantities defined in the yet-to-be-determined
GCS.

With the terms “nearly circular”, “nearly periodic”, “nearly perpendicular” we
mean that any deviation from “exactly...” is very small in relation to the order
of magnitude of the variable in question. Such approximations are typical for the
adiabatic theory of particle motion, about which we may state in “kindergarten
terms” that it provides correct answers only as long as “we don’t look too close
and are not expecting too detailed information”. A more precise definition and
description of the conditions under which adiabatic theory is useful will be given
further below.

In the OFR we can picture the motion of a charged particle as the superposition
of a displacement of its guiding center with a cyclotron rotation of the particle about
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Field Line

Fig. 1.2 Guiding center C, cyclotron radius p¢ and phase angle ¢

_ Ar _
v="=20=(v)r
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Fig. 1.3 Cyclotron orbit during one turn z¢. The little orbital displacement vectors ér = vdt
add up to the vector Ar in one turn. Ar /7¢ in the limit 6 — 0 defines the guiding center system
velocity V. The position r ¢ of the guiding center is defined as the cyclotron-average of the particle
position vector r during one turn. In all this it is assumed that adiabatic conditions prevail, i.e., that
Ar L (r —r¢) and ¢ K At, a characteristic time interval of “practical interest”

the guiding center. By definition, the instantaneous velocity of the guiding center
is that of the GCS. The actual position r of the particle can thus be specified by
the position r¢ of the guiding center C, and a cyclotron phase angle ¢ in the GCS
(provided the radius of gyration is known, Fig. 1.2). In many problems dealing with
magnetically trapped particles, knowledge of the cyclotron phase is unimportant
and the guiding center description is all that one needs. But forgetting ¢ completely
would lead to nasty mistakes!

Considering Fig. 1.3, it is reasonable to define the instantaneous guiding center
velocity vector V' as the average of the particle’s instantaneous velocity vector v in
the OFR over a cyclotron period:

Vz(v)rzl/tc/rcvdt 2 (1.2)
0

2For the time being we’ll just consider 7¢ as a priori known. As we shall see in the next section,
in a non-relativistic situation z¢ is independent of the particle’s dynamic state, depending only on
mass, charge and the local magnetic field.
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In adiabatic theory it is customary to divide the GC velocity into two components
with respect to the direction of the local magnetic field (the natural coordinate
system, Appendix A.1), each one of which behaves physically in a very distinct
manner: V. = V1 + V. The perpendicular velocity V | of the GCS is called the
particle’s drift velocity V p:

Vp=Vi={(v1) (1.3)

because it represents the velocity with which we see the particle “drift away” from
the initial field line in the OFR. Likewise, the parallel velocity V| is the average of
the particle’s instantaneous parallel velocity v)|. However, contrary to what happens
with vector v, whose direction turns a full 2z during one cyclotron period, the
parallel velocity vector changes very little, and we can write

Vi={v), =y (1.4)

Quite generally, the cyclotron-averaging symbol (...)
operator 1/7¢ [ ...dt>

Finally, the position vector of the guiding center is the cyclotron average of the
particle’s position vector (Figs. 1.2 and 1.3):

. represents the integral

rec = (r), (1.5)

In the GCS (starred quantities), the particle’s instantaneous velocities parallel and
perpendicular to the magnetic field are, respectively,

v =0

v I =v,—-Vp (1.6)

By definition, for the particle velocity vector in the GCS:

(v*1). =0 (1.7)
For the moduli:
U*J_2 :UJ_2—2'UJ_'VD+VD2
2 2 2
(W) =) =V (1.8)
Later we will run into the cyclotron phase average operator, { ...), = 1/2m ;)2” .dp =

1/7c, ;)rc ...(de/dt)dt. When the cyclotron motion in the GCS is uniform, both operators are
identical and will be designated as { )¢ = ( }; = { ),. A compilation of all phase averages used
in this book is given in a footnote on page 186 of Appendix A.3.
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The latter equation tells us that 0 < (v* J_2>T < (v1?),. In particular, when the
magnitudes (v, 2), and (U*J_2>.L. coincide, Vp = 0, i.e., there is no drift. Less
trivially, when (v12), = Vp? we have v*] = 0 and there is no cyclotron motion:
the particle follows, at least locally, an “uncurled” trajectory in the OFR (an example
will be discussed in the next section).

For the magnetic and electric fields in a moving GCS the following transforma-
tions apply:

B*=B
E*=E+VxB (1.9)

Notice that only the perpendicular part V p of the GCS velocity V contributes to the
induced electric field term in (1.9). We have used non-relativistic transformations in
anticipation of the fact that, for all practical radiation belt and plasma configurations
Vb < c (velocity of light)—even if the particles themselves may be relativistic.

Expression (1.9) is particularly important. It indicates that for any given point
in a B, E field one can always find a moving frame of reference for which the
component of E perpendicular to the local B has been “transformed away”, i.e., in
which E j_ = 0 at that point (if both B and E are uniform over a finite domain, one
can find one common frame for all points therein). This fact plays a fundamental
role both in adiabatic theory and plasma physics.

The velocity U of this special frame at point r (in the OFR) and time ¢ can be
obtained by multiplying vectorially the second equation of (1.9) by B:

E x B
B2
E,

UGr.n = — (1.11)

U(r,t) = (1.10)

Note that, again, only the perpendicular component E ;| intervenes in these relations.
E| survives transformation (1.9) intact.*

There are different types of drifts (1.3), which appear under different well-defined
circumstances. They can be classified into various groups according to whether
they depend on the dynamic variables of the particle or according to the restrictive
conditions that have to be imposed to guarantee their validity. We shall discuss each
group independently on the basis of particular examples.

“In regions where B — 0 (e.g., near a neutral line) the concept of “transforming away E | ” breaks
down. See page 18.
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1.2 Uniform Magnetic Field; Basic Definitions; Magnetic
Moment

As the most basic example we consider a charged particle in a uniform, static
magnetic field, in absence of any external forces. We rewrite (1.1) in the form:

ar =quvXx B (1.12)

where p is the particle’s momentum, and v its velocity in the OFR. The right hand
side is called the Lorentz force; it is always perpendicular to the particle’s velocity.
Therefore, in absence of non-magnetic forces, the speed v and the kinetic energy T
remain constant. We can write (1.12) in the form

ma =qv x B (1.13)

which also holds relativistically because 1 = const in this particular case. Also B
is constant in space and time. The angle between v and B

Yl UL
o = arccos — = arcsin — (1.14)
v v
is called the particle’s pitch angle. For the parallel component of (1.13) we have:

ma| =qlvx B[ =0

This means the motion of the particle projected along a uniform magnetic field is
rectilinear uniform. Since |v| = const, we also conclude that

v] = const. (1.15)

o = const. (1.16)

For the perpendicular component of (1.12) we can write maj = ¢g|v x B|,. The
acceleration a | is therefore always perpendicular to v and its magnitude

a; = ivJ_B = const. (1.17)
m

in view of (1.15).

SHenceforth, whenever the charge ¢ appears in the expression of a scalar quantity as a_ , it will
be meant to represent the absolute value of g (unless explicitly stated to the contrary). If on the
other hand ¢ appears in the expression of a vector quantity, it is assumed fo carry its actual sign;
otherwise it will be explicitly written as |g]|.
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This means that the particle’s motion projected on a plane perpendicular to the
magnetic field is circular uniform and a is the centripetal acceleration.

In the case under discussion, the GCS moves along the magnetic field with
velocity

Vi=v=const.and V =0 (1.18)

In the GCS, v = const and the particle trajectory is a circle with a gyroradius that
can be obtained from (1.17):

U*Z mv* p*
pc =+ =—=="4 (1.19)
ay qB qB

We have used the starred quantity v to re-emphasize the fact that the gyroradius
pc is defined in the GCS (in the particular case under discussion, though, v* = v
because Vp = 0.) Notice that, in view of the factor g in (1.13), positive and negative
particles have mutually opposite senses in their cyclotron rotations.

Associated with the particle’s cyclotron motion, we have the cyclotron period
(defined in the GCS like p¢):

_ 2npc 2mm

= 1.20
= e B (1.20)
and the cyclotron angular frequency
2 B
we =292 (1.21)
TC m

Expressions (1.19)—(1.21) are valid relativistically, provided one considers m as the
relativistic mass m = mgy (mg rest mass; y = (1 — f2)~'/2; 8 = v/c). In the non-
relativistic case, wc and t¢ are independent of the particle’s velocity, depending
only on the field intensity and the class of particles (¢/m); in other words they are
a function of space (a scalar field). This fully justifies the definition of the drift
velocity (1.2) as an average over cycle time. Using (1.14), it is useful to express
(1.19) and (1.20) in the form:

1
pc = %—,By sin o (1.22)
q B
2rmg 1
Tc = —y (1.23)
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Fig. 1.4 Positive and | |
negative particles in a
uniform field

P p——
AY
\
1
]

For electrons and protons, respectively, the constant factors have values:

M0 1705 x 1073 and 3.13 (Tesla-m)
q

2
M0 _ 357 10~"and 6.56 x 10~ (Tesla-s)

From now on we shall deal mainly with non-relativistic (y = 1) cases. It is possible
to express the gyroradius in vector form taking into account (1.19) and (1.21):

1
pc=——-0V XB=——0v"Xxe (1.24)

where e = B/B is a unit vector in the direction of B (see Appendix A.1). The
vector pc points from the guiding center to the particle . The instantaneous position
of the guiding center of a particle of velocity v at point r thus becomes

1
ch:r—i—iv*xB:r—}——v*xe (1.25)
qB? wc

Since during one cyclotron turn the vector (v*), = 0 (1.6), we have rgc = (r).,
as defined earlier.

The motion of a charged particle in a uniform magnetic field is circular helicoidal.
Positive particles spiral clockwise around the field lines if we look at them in a
direction opposite to B; negative particles spiral counter-clockwise (Fig. 1.4). When
the pitch angle is 90°, v = 0 and the motion is perpendicular to B; the particle has
cyclotron motion only and stays on a circle forever. In that case, the GCS coincides
with the OFR. If o = 0, there is no cyclotron motion at all; the particle moves
along a straight field line. Notice that in general p¢ is not the radius of curvature of
the particle’s trajectory in the OFR (this is true only if « = 7/2). For a helicoid,
the radius of curvature R¢ is always greater than the radius of the cylinder around
which the helicoid is wound (R¢ = pc/sin”a = pc(v/v1)?).

As viewed from the GCS, the cyclotron motion of a charged particle about the
guiding center is equivalent to a circular electric current loop with radius pc and
intensity I = |g|/tc = ¢>B/(2wm) of the same direction for both positive and
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Fig. 1.5 Magnetic moment AB
M and angular momentum /
of positive and negative v
particles A
pc VUL
\ 1Y
I ]
YM*

negative particles, Fig. 1.5.° The associated magnetic moment M = 1§ is directed
opposite to B, of magnitude M = Inpc? = mv12/2B = piz/(ZmB) (1.19).
Thus we can write:

M:—mUIZE:—pize:—T*le
2B B 2mB B
L S it (1.26)
2B 2mB B ’
*2

The expression of the transverse kinetic energy 7" = 1/2mv7 " is valid only for
the non-relativistic case. It is important to emphasize that v} is the modulus of the
transverse velocity in the GCS.

In its cyclotron motion, the particle also has an angular momentum or spin about
the guiding center I = mp¢ x v* directed opposite to B for a positive charge and in
the same direction for negative particles (Fig. 1.5). Taking into account (1.19) and
(1.26) we can write:

2..%2
1 =-" 11); e=2"M (1.27)
q q

Although we have defined (1.26) and (1.27) for the case of a uniform B
field in absence of other forces, they are of general validity and, indeed, of
crucial importance: M and / are constants of motion within the guiding center
approximation, i.e., adiabatic invariants. In other words, the magnetic moment
M and the spin [ are intrinsic parameters associated with a particle in cyclotron
motion. This is the reason why in the Introduction we talked about replacing the
original particle with a virtual particle, normally called “guiding center particle”
or “magnetized charged particle” of the same mass m and charge g, but in which
the “averaged-out” cyclotron motion is represented by just one vector: the magnetic
moment M (or the intrinsic angular momentum /) which we mentally picture as
being attached to the GC particle. What we lose in this “remodeling” process are

Yet another model is to imagine the charge ¢ smeared evenly over the cyclotron circle in the GCS,
rotating uniformly with period z¢. See page 23.
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the details of the cyclotron motion, specifically, the cyclotron phase of the original
particle (angular coordinate of the particle in its cyclotron motion, Fig. 1.2). The full
kinetic energy of the particle can be retrieved from the value of M and the local B
(1.26), plus the parallel GCS velocity V). The overall condition for the validity of
the guiding center particle model is that the requirements for the GC approximation
apply, i.e., that it is possible to identify a frame of reference (the GCS) in which
the particle executes a closed-orbit periodic motion (for a more precise definition of
the GC approximation, see next section). In the case of Fig. 1.4, a GC particle just
moves straight up or down along the magnetic field line with a velocity V| equal to
the parallel velocity of the parent particle.

It is important to note that for the external field’s magnetic flux @ through the
cyclotron orbit in the GCS (see (1.26) and (1.27)),

@] = 7pc’B = n(m*v}?/q’B) = Qrm/q )M = (x/q)l  (1.28)

Consequently, @ is also an adiabatic constant of motion.

The expression (1.28) can be used for a “kindergarten”-level demonstration of
the conservation of the magnetic moment M (non-relativistic case). Suppose that
in the field configuration under discussion (90° particles in a uniform B-field), the
magnetic field intensity changes in time very slowly, so that tc <« B/(dB/dt).
According to Faraday’s law, the induced electric field E ; will change the transverse
kinetic energy of the particle during one cyclotron turn by 677 = ¢ $Eds =
q d®/dt (absolute values only). To first order (in which we consider pc constant),
the change per unit time will be (first equality in (1.28)): d T\ /dt ~ §T[/tc =
q/tc(d®/dt) = T}/B (dB/dt)—therefore, T /B = M = const. In essence,
this means that in the above cyclotron loop model, the current [ is a closed current
with the well-known property of a superconducting system to react (driven by the
induced electric field) to any change of the magnetic field in such a way so as to
maintain constant the flux @ through its own loop. Thus a cycling particle will
adjust its cyclotron orbit so as to preserve @, hence its magnetic moment M (as long
as the variation of the magnetic field satisfies the adiabatic condition). Although we
have shown this for the simplest magnetic field configuration possible, it has general
validity: the particle doesn’t care why the flux through its cyclotron orbit changes—
only that it does!’

When the particle velocity is relativistic, it can be demonstrated that the quantity
that is conserved is the relativistic magnetic moment

7In Hamiltonian mechanics (e.g., [1]) of point charges in a magnetic field, it is demonstrated that
for cyclic variables like the arc I (see Fig. 1.5) the so-called canonical path or action integral J =
¢ (p + gA) - dl is a constant of motion for a single particle (provided that the fields and the forces
change very little during one cycle). Taking d/ in the direction of a positive particle (Fig. 1.5)
and carefully considering that, therefore, the magnetic flux through the cyclotron loop ¢ A4 - dI
is negative, we have J. = ¢ (p +gA)-dl = 2npcmv? — wpc*B = (2wm/q)M, therefore
M = const.



1.2 Uniform Magnetic Field; Basic Definitions; Magnetic Moment 11

*2 *
.= pr I—F_yh (1.29)
2moB 2 B
where m is the rest mass and 7", the perpendicular relativistic kinetic energy (7, =
moc?(y — 1) = mov?y?/(1 + y)). Since the rest of the book deals mainly with
non-relativistic particles, some of the principal equations can be easily converted
to relativistic ones by replacing the magnetic moment, wherever it appears, with
its relativistic expression (1.29) and the kinetic energy with the relativistic kinetic
energy 7T, (for a full relativistic treatment of adiabatic theory, see [2, 3] which also
shows the full relativistic expressions of the most important relationships).
Speaking of relativity, it is interesting to briefly examine the cyclotron motion
of a charged particle from the quantum physics point of view. The stronger the
magnetic field, for a given transverse velocity of the particle the higher will be
its cyclotron frequency (1.21) and the smaller its gyroradius (1.19). For ultra-
high intensity fields, quantum mechanics must be applied in the description of
the cyclotron motion; this situation is of importance in the theoretical study
of particles trapped in the magnetic field of a neutron star or black hole. The
magnetic field intensities in the environment of such an object may be as high
as 10® — 10'" Tesla. Consider Heisenberg’s uncertainty relation AxAp, > h/2
(h = Planck’s constant/27 = 1.05 x 10720 J). If as a meaningful maximum order
of magnitude we insert for Ax the gyroradius (1.17) and for Ap, the product
muv, taking into account (1.27) the uncertainty relation gives a lower limit for
the GC particle’s angular momentum: / > #%/2. In other words, zero is not an
option and the intrinsic angular momentum of a GC particle in a magnetic field
is quantized. As a matter of fact, the quantum energy levels (called Landau levels,
[4]) of an elementary charged particle gyrating in an intense magnetic field B turn
out to be

Aol
E,=2w+)B n=0102,..
my 2

This leads to energy levels of the order of hundreds of keV to thousands of MeV,
for electrons trapped in extreme magnetic environments. It also means that the
cyclotron frequency is quantized:

B 1
a),,:q—(n—}——) n=0,1,2,...
my 2

Considerations of quantum spin of the original particle and relativistic effects
complicate somewhat the picture, but are outside the scope of this book.
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1.3 Zero-Order Drifts

We now consider the case of a charged particle in a uniform static magnetic field
under the action of an external non-magnetic, non-inertial, interaction force F
which is constant in time and space. We divide the force into two components F
and F |, parallel and perpendicular to B, respectively. The equation of motion (1.1)
can be split into the following pair:

dp

N _F

dr !

d
stJ_:FJ_—‘quJ_XB

The first equation tells us that the particle is accelerated along the field line in a
“conventional” way by F||. Let us assume for the time being that F = 0 (i.e. F =
F ). This means that the particle will have a constant velocity v along the field
line and so will the GCS. Thus we only need to determine the GCS’s perpendicular
velocity or drift velocity, which we call V r. This is the instantaneous velocity of
a frame of reference in which the particle executes a circular motion. To find V ,
we will use the “trick” of creating a motion-induced electric field E* (1.9) in a
moving frame of reference such that the external force is balanced out by a force
qE* = qVF x B:

gE* + F*, =qVixB+F, =0 (1.30)

Multiplying vectorially by e /¢ B, where e is again the unit vector in the direction of
B, we obtain

F| xe F xe
VF: =
gB gB

(1.31)

V r is called the force drift. Since F | does not affect (1.31), this expression is also
valid in the more general case when F || # 0.

As viewed from the OFR, the particle has a cyclotron motion (that in the GCS)
plus a translation with constant velocity V r given by (1.31), plus a translation
parallel to the field line. If both || and v are zero, the resulting motion is a cycloid
in a plane perpendicular to B (Fig. 1.6). Notice that V ¢ is always perpendicular to
both B and F. The particle thus “reacts” perpendicularly to the external force and
no average work is done on the particle during its drift motion under the present
condition of a uniform field, although in the OFR, the kinetic energy of the particle
changes periodically in its cyclotron turns; in the GCS, however, the perpendicular
velocity is v} = const. Positive and negative particles drift in mutually opposite
directions. Most importantly, V ¢ is independent of the particles’ mass and energy.
It is called a zero order drift because the only condition for its validity is that the
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Fig. 1.6 Drift V;r in a homogenous magnetic field B under a force F |

Accelerated F, Accelerated (.. p increases)

\

Decelerated @B Decelerated (. p decreases)

Fig. 1.7 Physical cause for the existence of a force drift

extension of the uniform field domain be large enough to allow the particle to
execute its cyclotron or spiral turns undisturbed (domain >> pc¢). Note that for a
force field, zero order drifts are a function of position r only—a vector field. We
cannot independently impart some arbitrary zero order drift to a particle as an initial
condition.

One can easily understand the physical reasons for the drift of a charged particle
under the action of a constant external force, perpendicular to B. As sketched in
Fig. 1.7, the kinetic energy of a particle in the OFR is not constant; during one
cycloid turn, the particle is alternatively being accelerated (larger radius of curvature
p—do not confuse with Larmor radius!) and decelerated by the external force F —
v is not constant during one turn (see below). It should be clear that in this case
the magnetic moment cannot be defined in the OFR.

If the external force is not constant but derives from a general force field
F = —VW (W: force field potential), (1.31) still is valid. Let us assume that
F| = 0 everywhere, which means that the magnetic field lines lie in electrostatic
equipotential surfaces. The force-drift velocity (1.31) is tangent to such an equipo-
tential surface and the guiding center of a 90° pitch angle particle will thus follow
an equipotential line in a plane perpendicular to the uniform field B (Fig. 1.8). This,
however is true only under the assumption that the variation of W over a gyroradius
is very small with respect to the particle’s kinetic energy:

AW,e LT (1.32)
This in turn implies that
F
Vi=— < vy (1.33)
qB
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Fig. 1.8 Force drifts along a
force-equipotential line

Fig. 1.9 Electric drifts in B
homogeneous B and E fields

The particle will execute many overlapping cyclotron turns as it drifts along a
W = const curve.

The most important kind of external force is the electric field force g E. The
only non-electric external force of interest would be gravitation; it plays a role for
plasmas in stellar environments but none in planetary magnetospheres. However, as
we shall see later, there are inertial forces of importance (virtual non-interaction-
based forces arising in an accelerated frame of reference). With an electric field, the
drift velocity (1.31) becomes

ExB

This is called the “E-cross-B drift”, for which we shall always use the letter U . Note
the crucial fact that the electric charge has canceled out; both positive and negative
particles drift in the same direction with the same speed, regardless of their mass and
energy (Fig. 1.9). This common electric drift U is identical to the velocity (1.10) of a
frame of reference in which the perpendicular component E | has been transformed
away. It should come as no surprise, for in our case this is, indeed, the frame of
reference in which there are no forces other than the Lorentz force acting on the
particle—the very definition of the GCS! The fact that U is a drift velocity common
to all particles confirms its fundamental role as the bulk velocity of the ensemble
of particles that constitute a plasma. In contrast, the charge-dependent force drift
(1.31), and other drifts which we shall introduce later, give rise to electric currents
in a plasma (Chap. 5).
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Fig. 1.10 OFR parameters B(®
for an “E cross B” drift P vp
E 2pc
—
U
vQ @

1.4 Examples of “E Cross B” Drifts; Uniform Magnetic
Field of Time-Dependent Intensity

It is instructive to examine the motion of a charged particle in uniform B & E fields
as viewed “under a magnifying glass” in the OFR. Consider Fig. 1.10. The uniform
magnetic field is directed out of the paper, and v = 0. We assume only the direction
of U as known, but not its modulus. Call vp and v¢ the velocities along the x axis
of the particle at points P and Q, respectively (consider one of these velocities as
given). We will have, from (1.6) and with v* = v* | = const.:

vp =v* +U
vg =v"=U
On the other hand, we have the following energy relation:

1
Em(UPZ —vg?) = qE 2pc

Therefore, with (1.19)

U=—
B
which is identical to (1.11). But in this case we have not used in any way the
transformation (1.9).
The gyroradius pc (1.19) can be expressed as a function of vp or vg:

E m +E
vp— —|=—|v —
P Bl ¢ ¢ B

Pc =
Note that this is not the radius of curvature of the trajectory in the OFR!
It is interesting to compare the total forces acting in the OFR on the particle at P

and Q, respectively:

| frol =qupoB FqE = qu*B
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Fig. 1.11 Special case of an B®
“E cross B” drift P

Q U
vg =0 vg =0

Both relations represent the constant magnitude of the Lorentz force in the GCS.
The different radii of curvature of the orbit at P and Q in the OFR arise from the
difference in particle velocities at these points (1.35):

2 * 2 2
mv m@* £ U U
RP,Q = P’Q = ( ) = pc( )

1+ —
fp,Q qU*B v*

Notice that if U = E/B = 1/2vp, we have v* = U and Ry = 0; the
trajectory is the limit of an open cycloid (Fig. 1.11). This shows that a particle can be
instantaneously at rest in the OFR and yet possess cyclotron and drift motion!® On
the other hand, if U = E/B = vp, we have v* = 0 and R = oo; the trajectory
in the OFR is a straight line (in the GCS the particle is at rest!). In this case, in the
OFR, the Lorentz force is balanced out by the electric field force at all times (the
principle of a velocity spectrometer!).

Returning to the kinetic energy, in the GCS the particle’s T* is constant, as is its
speed v*. The cyclotron-average kinetic energy transverse to B in the OFR will be
(T1) = 1/2m(v*1). Taking into account that v; = v’} + U (we reintroduce the
subindex L because what follows is valid in general, also for v # 0), and that by
definition (see (1.3) and (1.6)) (v1) = U and (v} ) = 0, we have

1
(TL)=Tf + EmUz (1.35)

To consolidate the understanding of the electric drift velocity (1.34) (answering
for instance the question: When B — 0, what does it really mean that the guiding
center races away with Vg — 00?) we discuss another simple but illustrative
example of possible detailed configurations of charged particle trajectories in a
uniform B&E field. Consider the case of positive particles injected one after
another with the same initial velocity v;, as shown in Fig.1.12 (B L E L v).
While each particle is traveling, B (and E) are held constant; initially, the magnetic
field is large. Then B is decreased before the next injection. This process is repeated
until B reaches zero.

81f we place a charged particle in a B&E field with zero initial velocity (for instance, by ionizing
a neutral atom at rest), it will start moving in an open cycloid (Fig. 1.11), with a drift velocity U
given by (1.10) and a Larmor radius pc = mE /¢gB?. The maximum kinetic energy of the particle
(at point P) willbe T = 2m(E/B)*> = 2mU?, and the average energy, according to (1.35), will
be mU?. This so-called “ion pick-up” process plays an important role in space physics.
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Let us analyze in detail the cyclotron and drift motions of the particles, as they
are injected into smaller and smaller magnetic fields. From (1.35) we have

E
Vi — —
B

m

=5 (1.36)

pPc

(bars because pc > 0 always!). Figure 1.13 (top) shows the graph of the function
pc = pc(B).

Consider the distinct regions A, B and C, and the “notable points” R and S, where
Br = 2E/v; and Bs = E/v;, respectively.

Region A: For large B’s the drift velocity (1.10) and the Larmor radius (1.19) are
very small and the particle behaves adiabatically, turning many times before drifting
away (see Fig. 1.13, lower graph). As the B decreases, the gyroradius and the drift
velocity U increase. In the GCS, the particle velocity v* decreases.

Point R: The Larmor radius reaches a maximum; in the GCS the velocity v* = U
and in the OFR the particle trajectory becomes the limit of an open cycloid, with



18 1 Particle Drifts and the First Adiabatic Invariant

cuspidal points at which the particle comes momentaneously to rest (see footnote
on page 16).

Region B: As the B field decreases further, the gyroradius begins to decrease.
The drift velocity continues to increase and the trajectory is an open cycloid with
increasing “wavelength” and amplitude—the drift U wins over the velocity v;. In
the GCS, the particle velocity v* continues to decrease, and the cyclotron circles
become smaller and smaller.

Point S: In the GCS the cyclotron circle has been reduced to a point: the particle
is at rest, v* = 0! In the OFR the particle moves in uniform rectilinear motion with
speed U (the velocity spectrometer effect mentioned above).

Region C: As the magnetic field intensity continues to decrease, the drift
speed increases further, and in the OFR the particle follows an open cycloid with
decreasing amplitude and wavelength. However now it is a cycloid turning upwards
from the injection point, into the direction of E. In this regime the GC velocity is
larger than the particle injection velocity; the GCS “races away” from the particle to
the right in the figure. An observer in the GCS will in turn see the particle initially
moving to the left, being at the lowest point of a circular motion.

The domain ¢ < E/B < oo deserves special attention. Would this really
represent a relativistic or “transrelativistic” situation for the GCS? What is the
physical meaning of such apparent nonsense? Obviously we have a breakdown
of the very concept of guiding center. Let us not forget that the GC is a purely
geometric feature and that the “GC particle” is a virtual artifact, a useful model,
product of our imagination—the only physical reality is the original cycling particle!
The drift velocity U is also a geometric concept, mathematically tied to the original
particle. All this can be summarized by stating that the restriction for the validity of
zero-order drifts is that the spatial domain of the B & E field be much larger than the
gyroradius pc of the particle. More specifically, if L;4,s and L, are the extensions
of the field domain transverse and parallel to the particle drift U, respectively, the
conditions for adiabatic behavior in a uniform E-cross-B field are

qB
e K L or v WLtruns

E B
Nturns >1 or U= E < Z(jf_mLp (137)

In the second equation N;,.,s is the number of cyclotron turns when the particle
drifts the length L,. When according to (1.36) pc becomes large enough but the
conditions of validity still hold, the particle could, indeed, be accelerated by the
E field to relativistic velocities before the Lorentz force wins and the particle turns
over and enters a deceleration phase. For a B-value strictly zero, we simply have the
case of a particle under the action of just one force (¢ E '), and the trajectory becomes
a parabola in the non-relativistic domain.

The example discussed above shows that what must be used in the expression of
M (1.26) and  (1.27) is the perpendicular velocity v* of the particle in the GCS, not
in the OFR where the transverse velocity of the particle v, is variable. For instance,
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in case S above (B = E/v;), pc = 0, and M and [ are both zero! On the other
hand, a particle injected into a B& E field with zero initial velocity does have a non-
zero magnetic moment M = mE?/2B3 (the “ion pick-up mechanism” mentioned
in the footnote on page 16—best argument yet that the transverse velocity in the
definition (1.26) of M is not the velocity in the OFR!). It is important to emphasize
again that zero order drifts are independent of the particle’s energy as long as the
physical domain of uniform fields is large enough (1.37).

Our next example of E cross B drift, of particular conceptual importance in
magnetospheric plasma physics, is that of the drift of a guiding center particle in
a purely induced electric field (time-dependent magnetic field, no charges present
anywhere)

B 94 Vx4
Vind = Eina X o5 = = x 2
d BT T C Ve AP

(1.38)
(see Appendix A.1). The first obvious case should be that of a stationary uniform
magnetic field, whose source current system moves rigidly with constant velocity
V with respect to a frame of reference at rest (the OFR). No electric charges are
present. A 90° pitch angle charged particle would be subjected to an induced electric
field drift velocity given by (A.57) of Appendix A.1; in other words, it would drift
with the moving frame velocity and thus obviously remain part of the magnetic field
system. Notice that this time we have appealed to the vector potential and Maxwell’s
equations rather than simply using the postulated rule of field transformation (1.9).
Although we only considered a uniform magnetic field in pure translation here,
the same procedure applies to rigidly rorating fields like the internal geomagnetic
and planetary fields (neglecting external magnetospheric currents): at each point
there will be an induced electric field and associated zero-order drift velocity (1.38),
which in this case is called corotational drift, causing all trapped particles to corotate
with the planet. Of course, additional drifts (see next sections) will complicate the
picture. In the case of Earth, the corotational electric field will have a significant
effect only on very low energy particles (e.g., the constituents of the plasmasphere),
but in the magnetospheres of Giant Planets it plays a very important role even for
relativistic electrons of their radiation belts.

As another example of induced electric field drift, we consider a long circular
solenoid with a time-dependent current (Fig. 1.14). We again shall assume the scalar
potential to be zero (no free electric charges present); the vector potential will be that
of relation (A.56) of Appendix A.1, directed as shown in the figure and of magnitude
A = B r. We now inject a 90° pitch angle particle of energy or magnetic moment
such that pc < R, radius of the solenoid. If nothing else happens, its guiding
center will remain at rest. Now we adiabatically increase the current in the solenoid,
such that B > 0. An induced electric field will appear as shown in Fig.1.14,
given by (A.58). Independently of its mass, charge and energy, the particle will
drift toward the center of the solenoid with an induced drift speed of V;,; = Br.
Due to the conservation of magnetic moment (1.26), its energy will change at a
rate d T /dt = M B—i.e., in this example, gradually increase. A whole ensemble
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Fig. 1.14 Configuration of the vector potential A and the induced electric field E;,, in a solenoid
field which decreases in time

of particles trapped in the increasing uniform field would thus be energized and
compressed toward the axis.

This example allows us to introduce the concept of field line motion (e.g., [5])
in a phenomenological way. Because the preceding process affects all « = 90°
charged particles equally regardless of their nature, if we “paint” a given initial field
line by placing such particles all along it, they will all drift together and remain
on a common field line (see first corollary at the end of Appendix A.2) in a way
governed exclusively by what happens to the magnetic field (its sources) time-wise.
It is thus possible to declare the “painted” field line to be the same as the initial one
and adopt (1.38) as the ad hoc operational definition of velocity of the point of a
field line. Although we only have considered the oversimplified case of a uniform
magnetic field, it can be shown that the property of remaining on a common field
line applies to any changing magnetic field configuration—as long as there are no
potential electric fields (V - E = 0 everywhere) and no parallel electric fields are
present (DA /dt - B = 0).° For the general case, we also must add the condition of
near-zero energy (T — 0) for the probe particle, to avoid the action of other drifts
(see following sections), which are all energy-dependent. Note that the above ad hoc

9Without the first condition we would run into the undesirable situation of having “moving field
lines” in a static magnetic field crossed by a static electric field, as for instance in the case of two
oppositely charged plates placed parallel to B in the gap of a magnet. It can be shown that the
above definition is not only independent of the particular position of the guiding center along the
field line but that it is magnetic flux-preserving (i.e., flux tubes preserve their identity). There is
nothing artificial with a definition using probe particles placed along a field line: after all, as we
know from elementary textbooks, the electric and magnetic field vectors themselves are formally
defined by forces on probe particles! Neither is the condition that all p be turned off artificial: in
elementary electromagnetism books, the self-field of probe charges are also “turned off” (ignored).
While it is tempting to exaggerate the physical significance of a purely mathematical-geometric
concept such as a field line, we must never lose sight of the fact that the only “physical reality” in
electromagnetism is mutually interacting electrically charged matter. Here are some perhaps too
strong words from Richard Feynman: * ...not only is it not possible to say whether field lines
move or do not move with charges—they may disappear completely in certain coordinate frames
... (see [6]).
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definition of moving field line is valid even in a vacuum situation; note also that thus
defined, it is always perpendicular to the field line in question—a parallel field line
velocity cannot be defined in a physically meaningful way (although we may well
imagine it, for instance, for the field of a long solenoid being transported parallel to
its axis). The reason for using terms like “to declare” and “ad hoc” is related to the
fact that, as mentioned in Appendix A.1, a physical distinction between the potential
and inductive contributions to an electric field as required prior to use of (1.38) is
not possible through a single measurement operation (we would “have to know”
the system a priori, or probe it through an experimental protocol by turning off all
electrostatic sources).

Finally, we take advantage of the above very simple example to present a
better “microscopic” view of the cyclotron acceleration (or deceleration) process
ultimately responsible for the conservation of a particle’s magnetic moment under
adiabatic conditions. Looking with a magnifying glass at the particle in Fig. 1.14
in the OFR, we see it gyrating in an induced electric field more explicitly shown
in Fig. 1.15. Notice that since the A-vector increases linearly with r, the particle
will be alternatively accelerated and decelerated, with the acceleration phase always
winning a bit in our example. This causes both the drift toward the axis and the
gradual increase in kinetic energy, and is why, in reality, the orbit shown in Fig. 1.15
is not closed in the OFR. Now we can come up with a more convincing analytical,
less kindergarten-like, proof of the conservation of magnetic moment—albeit only
for a very simple field configuration. In the figure and according to the discussion
on page 176 of Appendix A.1, the magnitude of the induced electric field will be
Eina = A = B(r + pc cos @), where ¢ is the cyclotron phase as measured from
the lower point of the orbit. In addition to the near-constant transverse Lorentz force
qvx B, in the case of a varying magnetic field there will be a tangential electric force
fi = q B(r + pc cos @) cos ¢, varying from positive to negative during one half-
turn. Although under adiabatic condition this tangential force will be much smaller
in magnitude than the Lorentz force, the near-circular motion of the gyrating particle
is not uniform. The work of this tangential force during a half-turn, i.e., the kinetic
energy gain of the particle, turns out AT = f()” fipcdp = qBpc? /2. Dividing
by t¢ /2 we obtain the change of kinetic energy per unit time of the gyrating particle
in a time dependent (increasing) uniform field: 7 = 2AT /t¢ = 1/2mv? (B/B) or
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(T'/T) = (B/B), which if integrated gives T/B = M = const. (1.26). In a similar
way one can easily figure out the induced drift of the gyrating particle toward the
central axis of the solenoid.

As an interesting addendum to this proof we note that if at time ¢ there are several
particles of identical velocities on a common cyclotron orbit like the one shown in
Fig. 1.15 (i.e., having only different phases), a simple dynamic calculation shows
that they would not be on common orbits at later times except at times ¢, after
intervals that are integer multiples of the cyclotron period: ¢, = ¢ + n t¢c. We will
find a similar behavior in the case of other periodicities of adiabatic motion (bounce
and drift).

1.5 First Order Drifts

We now drop the assumption of a uniform magnetic field. Gradients in the magnetic
field (assumed constant in time) cause first order drifts which are energy-dependent.
A magnetic field is inhomogeneous when any of the components of the gradient
tensor 0B; /0x; (Appendix A.1) are non-zero in some region of space. There are
different kinds of field gradients from the geometrical point of view which play quite
distinct roles in adiabatic theory. For the time being, we work only with the vector
gradient of the modulus B, which we denote by V B. Its components are of course
related to those of the tensor gradient (see relation (A.35) of Appendix A.1). We
divide this vector into two components, parallel and perpendicular to the magnetic
field, respectively (see Appendix A.1, (A.20) and (A.19)):

VB=V,B+ V”B

Each component has a distinct effect on the guiding center motion.

In this section we examine the effect of the perpendicular gradient V B. In
Appendix A.1 (A.21) and (A.15) it is shown that in a current-free region in which
V1B # 0, all field lines are curved; in spite of this, we shall ignore field line
curvature for the time being (as we shall see in Sect. 1.6 this is fully justified for 90°
pitch angle particles in the equatorial (minimum- B) surface of a trapping magnetic
field). We shall also assume condition (1.39) to apply: the magnetic field varies very
little over the Larmor radius of the particle. If VB is the modulus of the gradient of
B and B/V B is a characteristic length for the change of B, the adiabatic condition
can be written in the following equivalent ways:

B B?
po < o ¢ VIB 4] (1.39)

VJ_ muvj

Let us inject a 90° pitch angle particle with velocity v, into a field with
(almost) straight field lines and a perpendicular gradient (Fig. 1.16). We realize
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that there must be a drift to the right: for a positive particle the field at points
P, R, ...is weaker than that at points Q, S, ..., causing an alternating change of
the radius of curvature of the particle orbit (note carefully that the orbit in the
figure is drawn “stretched-out”; because of condition (1.39), the particle really
turns many times before appreciably drifting away from the initial position). We
now want to find the general expression for the corresponding gradient-B drift
velocity V ¢, i.e., the perpendicular velocity of the GCS. First, we note that the
particle must move with constant speed v, in the OFR (rather than in the GCS
as happens with force drifts), since there are no external non-magnetic forces
acting. As we did in the case of a zero order drift in a uniform B&E field,
we shall use the motion-induced electric field trick. Let us assume that the GCS
indeed moves to the right with velocity V¢ as intuitively shown in Fig.1.16.
The particle velocity in the GCS is v* (we drop the obvious subindex _L); but
now the motion-induced electric field E* = —V x B (1.9) will alternatively
accelerate and decelerate the particle. Therefore, its speed in the GCS will not be
constant: the motion in the GCS is circular but non-uniform (reverse situation from
the force drift case in the precious section!) In particular, for points P and Q in
Fig. 1.17:

v}l’Q =v; F Vg
BP,Q =B FpcVLB (1.40)
E*=VsB

B is the magnetic field at the guiding center C.
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For a generic cyclotron phase angle ¢ (Fig. 1.17), and taking into account (1.6)
for the speed of the particle in its circular orbit in the GCS,

Vi
v*(9) = vJ_(l——Gsinqo) (1.41)
vy
Therefore, averaging over one cyclotron turn we obtain

(v*) = vy (1.42)

Note that in this case of drift in an inhomogeneous magnetic field, the particle
velocity in the GCS is not constant (despite the orbit being a closed circle), but its
average value is equal to the constant speed in the OFR. In the GCS, conservation
of energy leads, for points P and Q in Fig.1.16, to %m(v}",2 — vzz) = 2pcqE*.
Replacing v}, vy and E™ by their expressions in (1.40), we find that Vg cancels
out, leaving

mv

q_B (1.43)

pc =

Notice that in this case, what enters in the expression of the Larmor radius is not
the varying velocity in the GCS, but its average value, which in this case happens
to be equal to the constant speed in the OFR. The same happens with the magnetic
moment. Defined in the GCS, we really must use in its fundamental expression
(1.26) the average (v7 ). Does this invalidate the derivation of this expression based
on a simple circuit model? No, we just have to improve a bit that model: instead
of one particle of charge ¢ circling with a velocity v] we must “smear” the charge
along the circle with a linear charge density A = ¢/(27pc). The current I at any
given point will be / = AvY. If the velocity varies along the circuit, as happens
in the case under discussion, conservation of charge requires that / = Av] =
const. along the circle. Since the resulting magnetic moment only cares about / and
not how the latter is made up as a convection current, the model circuit remains
intact! Confused? Such nitpicking details do happen in adiabatic theory! It also
shows how every model in physics must be constantly and carefully examined in
detail regarding its validity and the degree of its approximation to the “reality out
there”.

We continue our detailed examination considering Newton’s equation at points P
and Q, involving centripetal accelerations:

m, F Vg)?
map,p = % =qui (B F pcVLB) (1.44)
C

The last terms are the Lorentz forces in the OFR at points P and Q, respectively.
From either of the second equalities we obtain, inserting the above expression
for pc:
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or, finally, for the moduli:

2
muvj TJ_ M VJ_B
= —2q32 1 ViB=——"— (1.45)

V. ==
¢ qB? qg B

With (1.26) and (1.27), and observing Fig. 1.16, we obtain several versions for the
vector expression of the gradient- B drift velocity:

1 mv?,
== BxV,B
6= 3B xVy
T 1 V.B I V.B
= lexViB=—-Mx-Z2 =~ x2 (1.46)
qB? q B 2m B

These expressions are non-relativistic; for relativistic particles, we have for the
magnitude of Vg:

2
moc , V1B
Vo = 1.47
G 2 Bi7y B2 (1.47)
in which
m062
> = 2.56 x 10° Tesla m?/s for electrons
q
m062
= 4.70 x 108 Tesla m?/s for protons
q

Although the above expression is valid for relativistic particles, the actual values of
the drift velocity in typical magnetospheric fields are non-relativistic; as we shall
see, this is also the case for other drifts. The first equalities in (1.46) tell us that
given a surface perpendicular to the magnetic field, a 90° pitch angle particle on it
will drift along a B = const. contour. As we shall see in the next section, this is an
important result for magnetospheric physics.

Relations (1.46) were proven here for the very restricted case of a 90° pitch angle
particle in a non-uniform magnetic field with nearly parallel field lines. They have
general validity, provided condition (1.39) holds for the magnetic field gradient.
Note that in contrast to the zero order drift (1.34), the gradient-B drift velocity
depends on the energy, mass and charge of the particle and that, according to (1.45)
and (1.43), the adiabatic condition (1.39) leads to

Vo <vyi (1.48)

We now complete the “microscopic” examination of this case by returning to the
OFR to calculate the different radii of curvature Rp and Ry at points P and Q in
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Fig. 1.18 Gradient-B drift
obeying the adiabatic
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Fig. 1.16—a difference that is responsible for the shape of the cycloidal orbit in the
OFR. Taking the expressions for the Lorentz force at these points (last equalities
in (1.44)), and equating them to the centripetal accelerations in the OFR (times
mass), we obtain

V.B

Rpp = pc(l =+ pc B )
If condition (1.39) holds, the difference between Rp and Ry is, indeed, extremely
small, and the cycloid will be tightly closed (Fig. 1.18). As an important remark, we
note the following: if we determine the vector expression of the centripetal Lorentz
force f (¢), in the GCS as a function of the phase angle (as we did with the velocity
v* in (1.41)), we would discover that the gradient-B drift (1.46) is nothing but a
Jforce drift caused by the phase-average force ( f(¢).),. It does not count as a zero-
order drift, however, because the phase-average force is a first-order quantity, it is
not energy independent and Vi < vy always. We will return to this in detail in the
next chapter.

Let us summarize some of the principal properties of zero-order and first-order
drifts, for non-relativistic, 90° pitch angle particles. In the zero-order drift due to
the action of an external force, the drift of the particle is independent of its energy;
the orbit in the original frame of reference is in general a cycloid and the particle
velocity is variable (periodic). In the guiding center frame of reference, the orbit is
circular uniform. The constant particle speed in the GCS is equal to the average of
the particle speed in the OFR. There are no restrictions on particle energy, as long
as there is enough space for the particle to execute its periodic motion. In a firsz-
order drift due to a transverse magnetic field gradient, the drift motion depends on
the particle energy; the orbit in the OFR is also a cycloid, but the speed is constant.
In the GCS, the orbit is circular, but the speed is variable (periodic). The average
speed in the GCS is equal to the constant speed in the OFR. There are restrictions
on energy and field gradient.

1.6 Example: Drift of 90° Pitch-Angle Particles
in the Magnetospheric Equator; Effects of an Electric
Field

We shall now analyze the motion of 90° pitch angle particles on the equatorial
(minimum- B) surface of the earth’s magnetosphere making some simplifying
assumptions about magnetic and electrostatic field models. The study of equatorial
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Fig. 1.19 Experimentally determined average contours of constant magnetic field intensity in the
equatorial surface [9]. These contours represent drift paths for energetic, 90° pitch angle particles.
Radial distances are in earth radii (1 Rg = 6,371 km)

particles is useful for several reasons: (i) as we shall see later, the equatorial point
of a field line represents an equilibrium position for mirroring particles—hence the
study of equatorial particles provides “first order” information on the behavior of
the off-equatorial population; (ii) the theoretical treatment of equatorial and near-
equatorial particles can be done analytically by using simple field models, providing
physical insight (though not quantitative accuracy) into fundamental aspects of
trapped particle dynamics [7, 8]; (iii) many characteristic effects of spatial field
asymmetries are most pronounced for equatorial particles; (iv) more experimental
information is available on trapped particles at low geomagnetic latitudes, especially
in the outer magnetosphere.

Let us consider the drift motion of charged particles and assume that no external
forces are acting (this is nearly the case for radiation belt electrons and protons of
energies greater than about 100keV). The guiding centers of these particles will
experience a pure gradient drift (1.46) following constant-B curves; electrons will
drift eastwards, protons westwards. Figure 1.19 sketches the principal features of
constant magnetic field intensity contours as observed in systematic measurements
[9]. A qualitative examination of the figure leads to the following conclusions:

(i) Within about 7~8 earth radii (1 Rg = 6,371 km) all drift paths are closed. In
that region an equatorial particle thus remains stably trapped (assuming that
there are no external perturbations.)

(i) The trajectories’ day-night asymmetry increases as one moves away from the
earth. Within about 4 Rg, they are approximately circles, as prescribed by a
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dipole-like field. Further out, the asymmetry is such that a given drift path has
its closest approach to earth at magnetic midnight.

(iii) Constant-B contours going through the midnight meridian at distances greater
than about 7 Rg do not close around the earth. Particles drifting along them
are trapped in the magnetosphere for only a limited time, running into the
boundary at the flanks of the magnetosphere. We call them pseudo-trapped or
quasi-trapped particles. The last closed contour represents the “limit of stable
trapping” for equatorial particles. (Magnetic field lines through this contour
intersect the earth near the equatorward edge of the auroral oval.)

(iv) A satellite in circular orbit (for instance, a geostationary satellite at 6.6 Rg
from the center of the earth), cuts through different drift paths as the local time
or longitude of its position changes. In particular, at midnight it samples the
outermost B-ring, at noon the innermost one, of a certain B-range. Assuming
that particles are distributed evenly along a drift path, their flux will be only a
function of B (see Chap. 4). If this flux decreases outwards (i.e. with decreasing
B), a detector on a geostationary satellite measuring equatorial particles will
reveal a diurnal variation of its counting rate with maxima occurring at local
noon.

(v) Dirift paths are closer to each other at midnight. This means that the transverse
gradient of the field is larger there. Thus, according to (1.46), a particle’s drift
velocity will be larger at night than at noon. As a consequence, stably trapped
equatorial particles spend more time on the day side than on the night side
during their drift. This difference becomes more pronounced as we approach
the limit of stable trapping.

An analytical expression of the equatorial magnetospheric field intensity By
at point ro, ¢o (longitude east of midnight), reasonably good during quiet and
moderately disturbed times in the region 1.5-7 Rg, is given:

BBRE3 bi(r\ b1\ 49
=) [ (&) - (E) =] 0
The three terms represent, respectively, (i) the main dipole field (with B ~
30,438 nT the dipole magnetic field intensity on the Earth surface at rp = 1Rg);
(ii) the contribution from a uniform field compression by the Chapman-Ferraro
boundary currents; and (iii) a day-night asymmetry caused by the cross-tail current.
The second and third terms are small compared to the dipole term. To first order, the

coefficients b; and b, depend on the stand-off distance to the subsolar point of the
magnetopause; the following relations represent this relationship reasonably well:

10\°
by = 25 — T
! (R) "

10\*
by = 2.1(R—) nT (1.50)

S
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Notice the strong dependence with the stand-off distance R; (R; = 10Rg
corresponds to the normal state of the magnetosphere). The equation of the drift
trajectory By(ro, ¢o) = const. generated by a particle injected at point ry;, ¢o; with
a 90° pitch angle is, to first order:

5
ro(¢o) = roi — %E—ZE(%) (cos ¢ — cos ¢o;) (1.51)
Note that only the day-night asymmetry coefficient b, appears. This equation
represents eccentric circles with closest approach to the earth on the night side (as in
Fig. 1.19); their eccentric displacement increases very rapidly with radial distance
ro; . Close to Earth higher order multipoles from the internal geomagnetic field must
be taken into account for a more realistic description (Sect. 3.4).

Evaluating the drift velocity (1.46) of a particle along this By = const. contour,

we find
3mv2 Bo 173 4 b1 5mv2 bz
Vo () = Bo\ (4l D2 1.52
P00 = 3 Ry B (BE) ( 3 Bo) T 2gR; B P (12

This function passes through a maximum at midnight and a minimum at noon.
Trapped equatorial particles thus indeed spend more time on the dayside than on
the nightside of the magnetosphere, as we have anticipated above.

The drift period 7, is given to first order by

2 2 2/3
rodgy 4mqRy Bg 5 b
— = Byl == 1+ =-— 1.53
ta /0 VD 3mv2 0 B() + 3 B() ( )

In this case only the compression coefficient b, intervenes. For particles of the
same energy, t; increases as By decreases (as the particle’s drift contour radius
increases), passes through a maximum for By =~ (20/3)b; (~160nT, or a radial
distance of approximately 5.8 Rg), and then decreases again. The approximations
used to derive these expressions start breaking down at these radial distances (for a
more realistic field model the actual position of the contour of maximum drift period
is slightly larger than the figure quoted.)

Our next examples involve the drift motion of equatorial particles subject to an
electric field E( = —VV parallel to the minimum- B surface (please do not confuse
the electric scalar potential V' with the drift velocity vector ¥V p!). Each particle will
be subjected to a drift that is the vector sum of (1.46) and (1.34):

B B M B
02 —VJ_VX—O2 :—VJ_(—BO+V)X—()2
qBO B() q BO

VD =-M VJ_ BO X
(1.54)
For equatorial particles, this means that they will drift along curves of constant

¥ = (M/q)By + V, which plays the role of an “extended” potential (note that
q¥ = €, total energy of the particle). The functions By(ro, ¢o) and V(ro, ¢po) can
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be determined using analytical or numerical models of the magnetic and electric
fields. If the initial position of the particle’s guiding center is ro;, ¢o;, the drift
trajectory ro = ro(¢h) is found by solving ¥ = (M/q) Bo(ro, o) + V(ro, o) =
(M/q)By; + Vi = const., where the magnetic moment M = Ty/By = Ty; /Bo;
(non-relativistic case) serves to determine the particle’s kinetic energy along its path.
To calculate the time Af to reach a given point of its drift path (or to determine
the drift period in a closed orbit), it is necessary to integrate the inverse of (1.54):
At = [(ro/Vp)d¢o (d1: element of arc of the drift path).

We shall discuss examples using simple analytical approximations for By and Wj.
We choose a pure dipole field B = Br(Rg/ro)?, and an electric field consisting of
two terms: (i) an ubiquitous corotational field arising from the rotation of the dipole
(co-axial rotation in this simplified model), and (ii) a uniform dawn-dusk electric
field (assumed to be driven by the solar wind flow). The corotational field is an
induced field with the property, mentioned on page 19, that any near-zero energy
particle (regardless of its mass and charge) will drift with the local rotational speed
(Veoror = $2gro) in the dipole field: Ecoror = Veoror Bo = ‘QERESBE"O_2 (2p =
7.272 x 1073 rad/s) is the angular rotational speed of the Earth). Despite being an
induced field (of the type —dA /dt; see Appendix A.1), in the domain of interest this
expression can be written as the gradient of a potential V,,,, = —§2gR £ Bg /ro.
Concerning the uniform dawn-dusk electric field E ;4, its potential is Vg =
E 1470 sin ¢ (positive, to have E pointing in the —y direction). The final expression
of ¥ is then

W = (M/q)By+V = (M/q)Bg(Rg/r0)* — 25 Rg’Bg /ro + Eqarosin gy (1.55)
Taking into account that V; = V_, + V4 and that there is a vector product

operation in (1.54), the corresponding drift velocity (1.54), in its polar components
on the equatorial plane, is given by:

Eqa
Vpr = ——— r; cos
b Borg 0 SO
M .
Vpp = —— + Qe ro+ S 1y singy (1.56)
qro ERE

Let us examine some characteristics of the equatorial particle drift paths ry =
ro(¢), solution of ¥ = W¥; = const., where ¥; is defined by the initial values r;,
¢o; and M = T;/B;. We begin with analyzing the electric equipotentials, i.e., the
drift trajectories of M — 0 equatorial particles. Their equation will be, according
to (1.55),

V = —QgREg*Bg/ro + Eqqrosingy = const. (1.57)

Near the earth, the (negative) corotation potential will prevail (V' < 0), and the
equipotentials will approximate circles around the Earth; far away, e.g., toward
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Fig. 1.20 Sketch of electric AY
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the magnetotail, the equipotentials will approximate straight lines, representing a
general sunward drift. The equation for the zero equipotential ¥y, = 0 is r>
(.QERE3BE)/(Edd sin ¢9). Note that it is valid only for sin¢y > 0, i.e., it lies
entirely in the dawn quadrants (see Fig. 1.20). Its intersection R, with the dawn
meridian (y-axis) is located at

Ro = /(25 R Br)/(Eqa) (1.58)

from the center of the Earth. This value will come handy as a geometric scaling
parameter. The larger the electric field, the closer to the Earth the zero potential
curve will come (the smaller the corotational region in the figure).

The solution of the quadratic equation (1.57) is

1% 4E425RE>BE .
= (144 1422 7 1.59
ro(¢o) E; sindo ( \/ + 72 sin ¢0) (1.59)

The presence of the function sin ¢y in the square root indicates that the character-
istics of the equipotentials in both dawn quadrants (sin ¢y > 0) will in general be
different from those in the dusk quadrants. Figure 1.20 sketches the different types
of equipotentials for the general case. Since the value of rp must come out positive,
in the dawn side there can only be one solution (the positive sign of the square
root); in the dusk side two different solutions are possible. Note first the existence of
two topological regions, a corotation region with closed equipotential lines around
the Earth, and the convection region with open equipotentials, where low energy
particles flow from the tail toward the front of the magnetosphere. The potential Vg
of the separatrix limiting both regions will be that for which the two solutions along
the dusk meridian (sin ¢y = —1) coincide, i.e., for which the square root in (1.59)

is zero: Vg = =2 Edd.QERE3BE = —2FE ;4 Ry (only the negative value of the
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square root will lead to positive ry in (1.59)). The equation of the separatrix will be,
taking into account (1.58):

1+ T Fsingy
rs(¢o) = —Roﬁsm% (1.60)

The geometric form is independent of the intensity of the dawn-dusk electric field;
the latter only appears in the scaling factor Ry (1.58). Again, the larger E;, the
smaller will be the corotation region. For sin ¢ > 0 only the negative sign of the
square root is acceptable; for sin ¢ < 0 both signs are possible, and two solutions
may exist. Observe in the figure the notable points, intersections of the separatrix
with the y-axis (sin¢y = =£1) and on the x-axis (for the latter, consider that the
limit of the geometric factor in (1.60) for sin ¢9 — 0 is 1/2).

Some words about the concept of field line motion (page 20) in relation to
the equipotentials shown in Fig. 1.20. As stated above, these equipotentials are
the trajectories of near-zero energy charged particles, moving with a velocity (1.54)
(without the M -term). Would this then also be the velocity of the corresponding field
lines? Would the entire magnetic field be convecting and corotating as prescribed
by the motion of the field lines’ equatorial points, up to their intersection with
the Earth? First of all, we haven’t said anything about the electric field off the
minimum-B equator. If all field lines are equipotentials (E| = 0) such a picture
might indeed be correct. Yet in the definition of field line velocity, did we not
require that the electric field be an induced electric field (1.38)? Well, just as the
induced rotational electric field (page 19) can be expressed as the gradient of a
scalar in the region of interest, the dawn-dusk electric field E ;; was also expressed
as a potential field in the region of interest, despite also being an induced field (the
moving or changing source currents to be found in the solar wind). So indeed we
could visualize the curves of Fig. 1.20 as the trajectories of the equatorial footprints
of magnetospheric field lines in our model. Unfortunately, their intersection with
the conducting ionosphere substantially complicates the picture. Despite these
reservations, the field lines through the closed portion of the separatrix may be
viewed as an approximation to the limit of corotating low energy plasma particles
that form the plasmasphere. Such limiting surface is called the plasmapause, and
Eq. (1.60) may be viewed as “the plasmapause equation”; its form and dependence
of a dawn-dusk electric field indeed bear some observed geometric and dynamic
characteristics of the plasmapause.

We now turn to particles of arbitrary energy. If, say, 7; = 100keV, the electric
field drift can be neglected and electrons and protons drift in opposite senses along
constant B lines, as discussed in relation to Fig. 1.19. In the intermediate range of
energies the drift motion is more complicated. Electrons in general behave rather
“normally” because in general the electric drift and the gradient drift point roughly
in the same direction. For protons, however, these drifts may point in opposite direc-
tions on some parts of the dusk side; depending on which is the greater, the proton
drift will be eastward or westward. Figure 1.21a, b show drift trajectories calculated
using (1.54) for 1keV electrons and protons, respectively, injected on the disk
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Fig. 1.21 (a) Broken lines: equipotentials for an electric field of potential £;; = 1.8kV REl.
Solid lines: drift paths of electrons injected with 1keV along the dusk meridian (dots). Notice
corotation vs. convection. Equipotentials in the corotation region (not shown) are close, but not
equal to the drift paths. (b) Solid lines: drift paths of protons injected with 1keV along the dusk
meridian (dots). Notice three types of paths: corotational, “vortices” not enclosing the earth, and
sunward convection

meridian (solid curves), for a dawn-dusk electric field of 1.8 kV/Rg. Close to Earth,
the electrons are stably trapped; beyond the stagnation point 1keV electrons are
quasi-trapped, being convected into the boundary. There is a reversal of drift sense
at the stagnation point. Notice also how corotating electron drift paths approach the
earth closer at dawn; their energy there can be up to ten times greater than at dusk.
The behavior of protons (Fig. 1.21b), again injected with 1 keV at several positions
along the dusk meridian, is more complex. Starting at 3, 4 or 5 R at dusk, the coro-
tational field takes them eastwards around the earth in orbits similar to those of elec-
trons; the energy-dependent gradient drift, directed opposite to the electric field drift,
is negligible. Between 5 and 7 Rg on the dusk meridian, we have a zone in which
protons get sufficiently accelerated in their eastward drift so that, eventually, the gra-
dient drift takes over and turns them around westwards against the corotation drift,
on the same evening side of the earth. After crossing the dusk meridian, these pro-
tons are decelerated and the electric field drift takes over again. We thus have closed
drift paths which do not encircle the earth. Beyond 7 Rg on the dusk meridian,
1keV protons are quasi-trapped, following a convection pattern toward the Sun.
Thus far we have assumed static conditions. Equation (1.54) can be integrated
also for a slowly, adiabatically varying dawn-dusk field (V' = V(¢)). This can
be used to determine the fate of low energy equatorial protons injected from the
magnetospheric tail and convecting toward the Earth during conditions of high E,,
and then captured around the Earth in corotating orbits when a decrease in E;4 sets
in (having the effect of expanding the separatrix). This, in connection with more
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realistic field models and consideration of local plasma effects, may play a role in
substorm ring current injection dynamics.
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Chapter 2
Higher Order Drifts and the Parallel Equation
of Motion

2.1 General Expression of the Drift Velocity and Higher
Order Drifts

We are now in the position of defining a charged particle’s guiding center system in a
mathematically more rigorous, less qualitative, way. We shall use the three examples
discussed in the preceding chapter (force drift, electric field drift, gradient- B drift)
and realize that in each one, our implicit “recipe” was to look for a reference frame
moving with velocity V in which, in a plane perpendicular to B, the motion-induced
electric field force gV x B cancels the phase-average of the resultant of all other
forces acting on the particle as it makes one cyclotron turn. We can now generalize
this rule in a more formal way.

First, we should make it clear that all that follows assumes the validity of the
adiabatic conditions, which we write here in more general form in terms of the order
of magnitude of characteristic space and time variations of any field quantity Q:

0
pc K @ 2.1
Tc K W 2.2)

It is important to clearly understand the meaning and consequences of these
conditions. Condition (2.1) tells us that the quantity Q should vary only very little
(in relative magnitude and direction, if it is a vector) along the cyclotron trajectory
of the particle (whose dimension depends on the particle’s perpendicular velocity
for a given magnetic field intensity (1.19)). Concerning the second condition, the
time derivative is a total derivative, i.e., it represents change as seen by the particle.
Therefore, (2.2) tells us that the quantity Q should change only very little (in relative
magnitude or direction) during a cyclotron period (which in the non-relativistic
domain does not depend on the particle’s velocity).

J.G. Roederer and H. Zhang, Dynamics of Magnetically Trapped Particles, 35
Astrophysics and Space Science Library 403, DOI 10.1007/978-3-642-41530-2_2,
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Fig. 2.1 Magnetic field
configuration on a cyclotron
orbit in the “natural” frame of
reference

Second, we identify the type of forces that in most general terms may act on a
charged particle at point r and time # in its cyclotron motion in the yet-to-be defined
GCS. They are: (1) the external electric field force g E (electric field in the OFR); (2)
a non-electromagnetic external force F (unimportant in magnetospheric physics);
(3) the motion-induced electric field force gV x B (V is the yet-to-be determined
velocity vector of the GCS); (4) the Lorentz force gv* x B (v* is the particle’s
velocity vector in the GCS); and as a new element, (5) the inertial force —md V /dt
which appears whenever the GCS is an accelerated frame of reference.

Our formal definition can now be formulated in the following way: The guiding
center system is a moving (usually non-inertial) frame of reference in which at any
given time the cyclotron phase average of all forces acting on the particle is zero.
Mathematically:

dv
<qE+F+quB+qv*xB—m7>EO (2.3)

Each term of this equation is a cyclotron phase average of the type

2T
(P), = 1/27 [0 P(p)do 2.4)

Refer to Fig. 2.1, in which the origin is the instantaneous guiding center (position r ¢
in the OFR, (1.25)) and the axes represent the natural frame defined in Appendix A.1
(z-axis along e = B/B; x-axis along binormal b; y-axis along normal r). Since we
are assuming the adiabatic condition (2.1) to apply, we can relate any vector P (r)
on the particle’s cyclotron orbit to its value at the guiding center via a first order
Taylor expansion:

P(r)y=P(r¢) +8P = P(rc) +V® P| pc (2.5)
where V ® P|7 is the transposed tensor gradient of P (see (A.34) and footnote on

page 170 of Appendix A.1) and pc = pc(rc, @) is given by (1.25). The last term
has components V® P|T pc|;i = ZxdP; /0xxpck-
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The first and second term averages in (2.3) are just the electric field and the
external force at the position of the guiding center r¢, respectively ((8E) =
(6F) = 0 because only sin¢ and cos ¢ would appear in the integral (2.4)). The
same applies to the third term (V is a quantity characterizing the whole GCS,
not a vector field). In the fourth term, when we replace B(r) by an expansion
like (2.5), we must take into account that for the vector velocity (v*) = 0 in the
GCS (1.7), so only the “little Lorentz force” ¢ (v} x §B) would survive. The fifth
term is an inertial force, which also should be considered a characteristic of the
whole GCS.

The fourth term, g (v* X (V® B p¢)) requires careful and detailed consideration.
Consider a particle of mass m and electric charge g gyrating with a 90° pitch angle
in a non-uniform magnetic field, as shown (for a positive charge) in Fig.2.1. First
we must find the expression of the tensor product. To that effect we note that by
components,

q .
v* = (— v7sing, —— v cosg, 0)
lal ™ lal
pc = (pc cosg, pc sing, 0)
We inserted the ratio g/|¢| in order to put in evidence the effect of the sign of the

electric charge.
The components of B = V ® B|” pc are (A.16):

0B, 0B, .
8B, = ——pc cosp + ——pc sing

ax dy

0B 0B 0B .
§B, = B_xypc cos g — (g + a—xx)pc sin @

8B, = V. Bpc cos¢ + V,Bpc singp

Remember that in the natural coordinate system B, = |B|, dB,/dz = 0B/ds, and
that VB = (0B/dx,dB/dy,dB/0ds) and V- B = 0 (Appendix A.1).

For (v* x §B) we need the component products gv’éByx and average over
one cyclotron turn. All terms containing cos ¢ sing will average out to zero;
in the remaining terms we will have integrals of the type 1/27 [ sin pdg =
1/2n f0032 @de = 1/2. The end results are:

1 q 1
q{v* x8B), = 54(— m)vipchB = —§|61|Uipcvx3

1
q(v* x8B), = —ElqlvipchB

1 9B
q{v* x8B), = —Elqlvipcg
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In vector form, we can write:

va_*Z

q(v* x §B) = — VB =-MVB (2.6)

The projection of this result perpendicular to B represents the gradient-B force,
fL1=f¢g=-MV,B 2.7)

which can be interpreted as the cause of the gradient-B drift ((1.45)—see also
below). The parallel component of the average Lorentz force is what is called the
mirror force

9B
fi=-MV)B =M~ (2.8)

This force accelerates and decelerates particles spiralling along a field line into and
away from decreasing or increasing B values, respectively. As we shall see later, it
governs the bounce motion along a field line and is responsible for particle trapping
in the geomagnetic field. Relations (2.7) and (2.8) provide further legitimacy to the
model of a virtual guiding center particle and the concept of its magnetic moment:
any magnetic moment M placed in a non-uniform magnetic field is subjected to a
net force f = V(M - B) which in our case is = —M V B because of (1.26) and the
fact that M is an adiabatic invariant. One cautionary note is in order: we emphasized
repeatedly that the velocity v in the definition (1.26) of the magnetic moment is not
that of the original particle in the OFR, but its transverse velocity in the GCS. When,
in the GCS, this velocity is a function of the cyclotron phase the phase-average must
be taken (see (1.41) and pertinent discussion). From now on, we shall drop the star
supraindex to simplify the aspect of the equations, but we will remind the reader
when necessary to distinguish between OFR and GCS variables.'

In summary, the condition (2.3) defining the guiding center system has now
become

't is advisable to revisit the above derivation process starting with Fig. 2.1 and relation (2.3). That
process really developed in stages: what the figure intended to show implicitly was a “pre-GCS”
in which the particle was circling free of external forces—i.e., a system which was moving with a
transverse drift velocity, sum of U (1.34) and V ¢ (1.31) and in which the corresponding motion-
induced field force balanced the external field forces. In such a system the particle gyrates with
constant speed v * (example of Sect. 1.3). However, due to any inhomogeneity of the magnetic
field, there was another resultant force, the term (2.6), which leads to an additional drift and
the “final GCS”. Now the particle’s transverse velocity v is no longer independent of ¢ (see
expression (1.41)), but its cyclotron average is equal to the (constant) velocity in the “pre-GCS”
(see expression (1.42)). It is precisely this average transverse velocity that enters in the definition of
the magnetic moment (1.46). Confused again? Unfortunately, this detail is conceptually important,
especially for the fundaments of plasma physics.
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dv
GE+F +qV xB-MVB—m—— =0 2.9)

The quantities involved are evaluated at the GC point, not at the original particle’s
actual position in its gyromotion. This equation will lead us to a dynamic equation
of motion for the guiding center, to be discussed in the next section. At this time we

focus on the fact that there is only one drift velocity that satisfies it (multiply the
equation vectorially by B /¢B? and extract V | ):

dV B
Vp=V, =(E+F —MVB—-—m—) x —
b L (q a’t)XqB2

(2.10)
This equation displays the four fundamental drifts of a guiding center particle: (1)
the E-cross-B drift (1.34); (2) the force drift (1.31); (3) a gradient-B drift like
(1.46); and (4) an inertial force drift.

For the parallel velocity of a guiding center particle, all we can do is repeat
relation (1.4):

Vi=(v) =v 2.11)

Our last task is to further analyze the inertial term in (2.10). An apparent
problem arises at once: this term contains the unknown vector ¥V which we are
trying to determine! But there are “unknown unknowns” and “known unknowns”.
This particularly applies to adiabatic theory because of its goal of providing useful
approximations rather than impractical exactitude. If we divide the velocity into the
two vectors V = V| + V | we have:

v _d(Vy+Vp) d

_dy de dVp
di ai arve Vo) =

FTRY TRT

(2.12)

The second term calls our attention to the fact that the natural coordinate system
(Appendix A.1) is a local frame of reference, that in an inhomogeneous magnetic
field varies from point to point. In the above equation (and many future ones) the
operator d/dt represents the total variation per unit time as seen by the particle,
always consisting of two parts: (i) a variation in time at a fixed point in space, and
(i1) a variation due to the displacement (which can be both perpendicular as well as
parallel to B) while the field is frozen in time: d/dt = 9/dt + V - V (the latter
operator being Y V;d/0x;). We obtain the following:

dv . dy de dVp
dv de dv
= d_t”e+v”[5+(v”'V)e+(VD'V)e]+ dtD
_dy) , de de dVp
= We + ) g + v||(VD -V)e + v||§ + i (2.13)
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Carefully note that this is a purely kinematic/field-geometric equation—it has
nothing to do with the dynamics of the particular particle involved, and might
as well apply to little balls sliding without friction along bent and moving wires
(the field lines)! Since v; = ds/dt, the first term is the “real” guiding center
particle acceleration along the field line, measuring how its actual speed along the
line varies; it is the one we are really interested in. The other terms are inertial
accelerations due to the fact that a particle traveling along a bent and eventually
moving field line experiences additional accelerations; they are important through
the action of the inertial forces they represent. For instance, we recognize in the
second term of the last equality a centripetal acceleration governed by the radius
of curvature Rc¢ of the field line in question (because according to (A.15) of
Appendix A.1 de/ds = —n/R(); this indeed represents the fact that the guiding
center follows the curved field line in its parallel motion. The third term is an
inertial acceleration that appears if the guiding center has a drift component along
the normal n of the field line; if §/ is an element of the GC trajectory, this term
can be written as v Vpde/dl. The fourth term is an acceleration due to a time-
change of the direction of the magnetic field (e.g., in rotating field lines). Finally,
concerning the third and fifth term, in most of what follows we will replace V' by the
electric drift U (1.34) in order to avoid (to first order) the problem of the “unknown
unknown” mentioned above. This replacement is more than just a convenience: it is
fully justified as a legitimate approximation.

We now insert (2.13) (times the particle mass m) into the corresponding term
on the right side of Eq.(2.10) to obtain the most complete expression of the drift
velocity. With U and V r given by (1.34) and (1.31), respectively, we write it in two
equivalent forms:

e , 0e de
VD:q—Bx|:—qE—F+MVJ_B+mv”g+mv||§
dv
+mv(Vp-V)e +m Di|
dt
L B+mv”B de (2.14)
UREYY:E + qB2 ds '
m de dU
+EBX|:U”8 + (U - V)e+d—i|

The first equality (first two lines) expresses it all as a force drift made up of different
contributions. The two lines in the second equality represent three different orders
in the adiabatic approximation. Specifically, the first two lines show the zero-order
E-cross-B and force drifts (1.34) and (1.31). The third line shows two first-order
drifts:

M xV B

5 (2.15)

Gradient-B drift: Vg = 2qB3 B XV, B=-—
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mv2|| « de
gB? s

Curvature drift: V¢ = (2.16)

According to (A.22) in Appendix A.1, in absence of any currents Bde /ds = V| B,
thus under this special condition, we can combine the last two equations into one:

1
Gradient-curvature drift: Vge = E%(UZL + 2v2||)B xV,B (2.17)
q

The fourth line in the second equality of (2.14) contains second and higher order
drifts; in the latter we have replaced V p with its own first approximation, U (for
F = 0). The first term represents the effect of time-dependence of the direction of
the magnetic field; the second represents the effect of a spatial variation of the e
direction.

The last term is of importance in some electric field situations, in particular, for
a stationary magnetic field but varying electric field. Taking into account (1.34), we
obtain the so-called

m 0E |

Polarization drift: Vp =

Finally, a few nitpicking remarks about adiabatic drifts. What exactly are
the particle velocities that appear in the general expression (2.14)? We strongly
recommend that the reader review again the statements in the footnote on page 38
and all its implications. Another important point is the following. Carefully observe
how the various terms in Eqs. (2.14)—(2.18) depend on the velocities v and v of
the original (real!) particle. Zero order drifts do not depend on them at all, only on
the local B, E and force fields. The gradient- B drift depends on M (see its second
expression in (2.15)), which is an adiabatic constant of motion, i.e., depends only
on the initial transverse velocity of the particle. The curvature drift does depend on
its instantaneous vj. What enters in the remaining higher order drifts is the full drift
velocity itself—but as stated above, for a second order approximation, the known
drift U suffices.

2.2 Motion Along the Field Line and the Energy Equation

Before we discuss the dynamics of guiding center particles in their field-aligned
motion, we should answer a fundamental question: Why does the guiding center
particle actually follow a curved field line? Usually, this is a fact taken for granted,
based on the appearance of a centripetal acceleration term v||2(8e /0s) in (2.13)
and confirmed by the beautiful pictures of glowing plasma-filled coronal loops.
However, as stated before, this equation is a purely kinematic and field-geometric
one, having to do with the way we represent our guiding center velocity vector in the
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Fig. 2.2 Motion of the GC
along a curved field line:
geometric parameters

natural frame of reference (2.12). A more legitimate proof is the following. Consider
a magnetic field configuration as shown in Fig. 2.2, with a central rectilinear field
line along axis z and a magnetic intensity that increases toward positive z. A
probe particle is placed on a near-by field line with small perpendicular velocity
v, therefore also with a small gyroradius pc < y(s). Assuming cylindrical
symmetry around the z axis, the differential equation of the particle’s field line
(see Appendix A.1, footnote on page 164) can be easily derived from the flux tube
property By? = const. along z:

dy 1 0B
ds 2B ds

Now we determine the trajectory of the GC particle under the drift imposed by the
“little Lorentz force” g (v x b,) directed along x (into the paper):

dy _

B
Vi =gy xby)x —  Therefore Vp, = — =

Yl

—b
gB? B’
But b, = (0B, /dy)y = —1/2(0B/0s)y, because of V - B = 0 and the symmetry
around the z axis. Thus, the equation of the GC trajectory will be:

dy _dyds _dy R

_ _ — 9B 2.1
di dsdi  ds VT U2 a5 (2.19)

Cancelling the particle variable v on both sides of the last equality leaves us with
the differential equation of the particle’s magnetic field line! (Footnote, page 164).
In summary, under adiabatic conditions the “little Lorentz force” caused by any
small non-uniformity b of the magnetic field acting on the parallel motion of a
charged particle is always such as to impart an acceleration L B that makes the
guiding center follow the curved field line.

There is a limit, though, to the property of “following the field line”, imposed
by adiabatic condition (2.2). If o¢ = v t¢ is the displacement of the GC along a
field line during one cyclotron turn, this condition requires that the magnetic field,
including its direction e, change very little along o¢. This implies o¢ (de/ds) < 1
or oc < Ry, where Ry is the field line’s radius of curvature. For small pitch
angles (v =~ v) the particle velocity must then be v < Ry;/7c. Note that rather
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than a restriction on pitch angles, this is a restriction on velocity or energy: particles
with small pitch angles and too high energy will “fly off” tangentially from their
home field line (happens to trapped particles on sharply bent field lines in the neutral
sheet)! This is equivalent to what happens to energetic particles with pitch angles
~ 90°: when condition (2.1) is violated, they will “fly off” perpendicularly to B
(happens to trapped particles in the vicinity of the dayside boundary)!

We now go back to the guiding center system definition (2.9) and extract the time
derivative of the GC velocity V in its parallel projection:

dv B
mw'e =q —qE||+F||—M¥ (2.20)

Then we turn to (2.13) and consider its parallel projection

dv

av dvy dVp _ dy de
dt N

=(dV/dt)-e=a||=E+ 77 e E_VD'E

the latter equality because of V' p-e = 0. Butd/dt = d/dt + (V - V) which leaves
the above equation as

dv
dt

dv) de de
—ar=— —uVp - — —=Vp-——=Vp-(Vp-V 2.21
| aj 7 v Vo 35 D 97 p-(Vp )e ( )

Note carefully that a| is not d?s/dt?! Inserting (2.21) in (2.20), we finally obtain
the parallel equation of motion of the guiding center:

dvj d’s dB
S —gE + F - M —
M T Mg T My
de de
+mv||VD'——i—mVD-——}-mVD-(VD'V)e (222)

as ot

The first line includes zero- and first-order terms in which we recognize the external
forces and the mirror force; the second line contains higher-order terms, corrections
that are the result of field-geometric effects related to the drift velocity.

Let us give just two quick examples for the action of the second order 4th and
5th terms in (2.22) (quick, because they can be neglected in radiation belt physics),
consider Figs.2.3 and 2.4, respectively. The first one depicts a particle spiralling
about the central line in a nearly uniform magnetic field in a long rotating solenoid.
As viewed from the OFR (which is fixed to the rotating solenoidal field), the particle
is subjected to an induced electric field E; = —(82 x r) x B which in turn causes a
drift V p, responsible for the particle corotating with the solenoid (see discussion on
page 19). The term mV p-de /3t = mS$2°r is the centrifugal force leading to a “sling
shot effect” on the GC particle. The second example is a particle spiralling along a
circular field line around a linear current / and subjected to a uniform electric field
parallel to the current, out of the paper. Besides the gradient- B and curvature drifts
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Fig. 2.3 Example of particle
drifting in a rotating solenoid
field

Fig. 2.4 Example of particle
drifting in the field of a linear
current / with an electric
field along it

Bline

perpendicular to the paper, there will be an E-cross-B drift toward the center line,
in the direction of de /ds. So the 4th term will be # 0, representing an acceleration
as the GC particle drifts into higher B-values.

In absence of any drift, or if all three higher order terms can be neglected, and
if the external forces derive from a scalar potential along the field line W(s), the
parallel equation of guiding center motion is reduced to

dv 0
m—s = [MB(s) + W(s)] (2.23)
The guiding center moves along the field line as if it was subjected to a total scalar
parallel potential Pj = M B(s)+ W(s), and one can apply to that parallel motion all
the familiar energy graphs and related methods of mass point mechanics (see next
section).
Finally, there is one more important general equation to be derived. Consider the
instantaneous kinetic energy of a gyrating particle in the OFR:

1
T = Emvi + Emvﬁ

Taking into account relations (1.8), (1.26) and (2.11), we can write for the cyclotron
average:

1 2 1 2
(T)c = MB + SmVi + -mVj (2.24)

In the guiding center particle model, the first term represents the GC particle’s
“internal energy” (cyclotron energy), the second term represents the kinetic energy
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of the GC particle in its motion along the field line, the third term the kinetic energy
in its drift motion. The energy equation refers to the time rate of change of the GC
particle’s average kinetic energy, which we write:

d{(T)c dB dvy dVp
= M— — 1 .
a1 a1 + muy 77 +mVp 77

(2.25)

Setting in the first term d /dt = 9/0t + vjd/ds + V p - V and replacing dv) /dt
with its expression in (2.22), we have:

8e+ de+ dVD)
—_— muv|— m
ds gz dt

d(T 0B

(dt>c = ME-FV”(qE”+F||)+VD'(MVJ_B+WLU||2
The parenthesis appears as part of the expression of V p in (2.14). Extracting
mdV p/dt from (2.13) and then dV /dt from (2.9), the last term of the above
equation turns out to be equal to Vp - (¢E L + F 1), which leaves the energy
equation as

d{T 0B
% = MW + V”(qE” +F||)+ Vp-@QEL+F))
= M%—lj +V-(qE + F) (2.26)

This result is easy to understand intuitively, and again confirms the physical
adequacy and conceptual value of the guiding center particle model.” The first term
is the power delivered by a changing magnetic field to the internal state of the virtual
GC particle (the cyclotron motion of the real particle); note that it only includes the
local time derivative of B. The agent responsible for the delivery or extraction of
power is the induced electric field associated with the locally changing magnetic
field E;,s = —0A/0t (page 176 in Appendix A.1). This induced electric field
acts on the real particle in its cyclotron motion, as sketched in Fig. 1.15.> Although
trivial, we still must point out that changes in B as seen by the guiding center particle
(i.e., convective changes in an inhomogeneous field V -V B or v dB/ds) do not enter
in the first term. For instance, a particle drifting in a static magnetic and electric field
like in Fig. 1.21 does experience a varying B-field (in the GCS) because it is driven
into it by the electric drift (otherwise the guiding center particle would follow a
B = const. contour, like in Fig. 1.19); whenever that electric field has a component

2For the relativistic version, use (1.29) as the relation between the relativistic magnetic moment
and kinetic energy.

3When the local time derivative 3B /0t is entirely due to changes in the external current intensities,
but not their configuration in space, one usually calls this process a betatron acceleration; if the
current intensities are constant, but their position or distribution changes in space, one calls it a
Fermi acceleration. This distinction is made mainly in astrophysics. However, the particle doesn’t
care about what causes the local field to change!
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in the drift direction (V p - E # 0), it will do work on the particle. Another trivial
but relevant remark: drifts due to the electric field do not play any role in the second
term, because by definition (1.34) their contribution to the total drift V p is always
perpendicular to E . This is particularly important to keep in mind when one deals
with purely induced electric fields in absence of potential electric fields: we must
include the induced electric field in the second term, but only non-electric drifts can
lead to energy change (if they have a component along E;, ). This sometimes is
called drift-betatron, in distinction from the above gyro-betatron.

2.3 Particle Trapping and Parallel Electric Fields

In the previous section we have derived three fundamental and most general
equations that under the adiabatic conditions (2.1) and (2.2) describe the dynamics
of a virtual guiding center particle of given mass, charge, field-aligned velocity
and magnetic moment. For the perpendicular motion, the drift velocity in its most
general form is given by (2.14); we must emphasize again that this drift velocity
does not appear as the result of the integration of a dynamic equation but, rather,
is defined as the result of an averaging process, which then allows the replacement
of the rapidly gyrating original particle by a virtual particle at the guiding center.
For the parallel motion, we do have a real dynamic equation (2.22) determining the
average acceleration of the particle along a field line. As a corollary, a third equation
was derived, giving the average rate of change of the kinetic energy of the guiding
center particle (2.26).

In this section we will focus on the parallel motion along a field line and, for
that purpose, consider cases in which the particle drift is either a priori zero (say,
for symmetry reasons), or negligible with respect to the parallel motion (Vp < vy).
For instance, consider the field geometry of a “mirror machine”, shown at right
in Fig.2.5, with the guiding center particle along the z-axis field line. But here
comes a disappointment: instead of using the laboriously derived dynamic parallel
equation (2.22), we turn to the following relations based on two simple conservation
principles:

2M
Conservation of magnetic moment M : vﬁ_(s) = 73 (s) (2.27)

2
Conservation of total energy €: vﬁ(s) + vi(s) = Z[Qﬁ — W(s)] (2.28)

€ is the total mechanical energy, W(s) is the potential energy. The initial conditions
determine the constants: M = T;/B; and € = T; + W;, in which the subindex i
denotes value of the variable at the initial field line point s;.

Of more practical significance are the equivalent equations in the variables v,
v and pitch angle « (1.14), and their respective initial values (see Fig. 2.6):
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Dipole Mirror machine

Fig. 2.5 Two fundamental types of trapping magnetic field geometries

Fig. 2.6 Change of v | and v vectors along a magnetic field line

o1 (5) = 025 —B(s) (2.29)
2
12(5) = v2(1 — 224 p()) — —(W(s) W) (2.30)
.3 _ sin? ; B W(s)—Ww,; -1
sin” a(s) = —Bi B(s)|:1 —Ti :| (2.31)

Note that the function vy (s) (and therefore the perpendicular kinetic energy
T1) is governed only by the local magnetic field intensity B(s) (and the initial
conditions)—it cannot be influenced by external forces! To change it, the conser-
vation of magnetic moment M has to be violated, e.g., by scattering or resonance
with cyclotron-resonant waves.

Our first example will be one in which field-aligned forces are absent, i.e., when
magnetic field lines are equipotentials: W(s) = W; = const.,, T = const. and

v =, /vi + vﬁ = const., and with no time variations of B. Equation (2.31) is now

sin® a,

sin? a(s) = B(s) (2.32)
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The pitch angle «(s) increases toward higher B(s) values and becomes 77/2 when

B;

sin? o

B (sm) =

(2.33)

B, is the mirror field and s,, a mirror point of the particle on the field line. Field
line points on which B > B, are off limits: the guiding center particle stops
instantaneously at s,, (v = 0 there, with all the motion in cyclotron mode: v1 = v),
and then reverses its sense. To understand why the GC particle doesn’t just slow
down and stop dead, we must turn to the parallel equation (2.22), which in this
particular case is simply m dv|/dt = —M 0B /0s: it is the mirror force (2.8) that
turns the particle around in its parallel motion. If we inject a particle with a 90°
initial pitch angle at any point s of a field line, this initial point will also be a mirror
point and the mirror force will start accelerating the particle along the field line
toward lower B-values. Note that for an equipotential field line, the mirror point field
intensity B,, is an adiabatic invariant because at such point the transverse velocity
in the definition of M (1.26) is equal to the constant velocity v.

In general, in field configurations like the dipole field or a mirror machine in
Fig.2.5, there are two mirror points on either side of any initial point s;: as a
particle reverses its parallel motion at a mirror point, it will move toward lower
B values, which will pass through a minimum (see below) and increase again; as
a consequence, another mirror point may eventually be reached. The end result of
all this is that a guiding center particle is trapped, bouncing back-and-forth between
two conjugate mirror points. The bounce period of a particle trapped between two
mirror points s,, and s;, on an equipotential field line will be, according to (2.30),

‘L’b=2/‘m ds =E/MLl (239
s, vi(s) vy [1— B(s)/Bn]?

The integral is extended along the field line between mirror points located at s, and
Sm, where the field intensity B, is given by (2.33). The integral

1 Sm
Sp= Ly = [ (2.35)
2 1
% [1-B(s)/B,)’

is the half-bounce path, i.e., the rectified path of the original cycling particle between
one mirror point and its conjugate. Note that it is a purely field-geometric quantity,
independent of the particle in question. We can think of it as a function of space,
a scalar field Sp(s,,) representing the rectified inter-mirror-point path of a trapped
particle mirroring at that point. Unfortunately, even for simple field geometries like
a dipole field, the integral in (2.34) and (2.35) cannot be expressed in analytical,
closed form and in practice must be calculated numerically. In Sect. 3.1 we will use
the following relationship which will help overcome the numerically annoying fact
that the integrand in the above relations has an integrable singularity at the mirror
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points:
al
Sp =1 +2B,— (2.36)
0B | 1,
where
Sm 1
1 =/ [I—B(s)/Bm]zds (2.37)

“m

This function, whose integrand is the inverse of the integrand in (2.35) is easier
to calculate numerically. Moreover, it is directly related to the second adiabatic
invariant, as we shall show in the next section. The derivative with respect to B,,
in (2.36) is to be taken on / as a function of the mirror point field intensity B,,
on the given field line. Notice that not only the integrands of (2.35) and (2.37) are
functions of B,, but also their integration limits, and that S, > I always.

Another notable point on a field line is where B has a local minimum: the pitch
angle there will be minimum, too, whereas v will be maximum. In a dipole or
dipole-like field, the minimum-B point is called the field-line’s equatorial point
(whether or not its geographic latitude actually is zero.) Note that in absence of
parallel forces all trapped particles on a field line must transit through it. For this
reason it is preferentially chosen as a fundamental reference point and origin for
the curvilinear coordinate s (with positive values increasing toward the North in
the geomagnetic case). Instead of o we shall work with the pitch angle variable
1 = cosa, commonly used in magnetospheric physics for reasons that will become
apparent later. Equations (2.32) and (2.33) referred to the minimum-B point of a
field line will now be:

(2.38)

B(S) B()
By

1) =1—-(-pj)—— and B, = 5
1= g

By definition, at a minimum-B point dB/ds = O0; in its neighborhood the
function B(s) can be approximated as B(s) ~ By + 1/2as?, where a = 3> B/ds? at
so. Near the minimum-B point the parallel equation of motion (2.22) now becomes

0 _ pras (2.39)
dr

which indeed looks like that of an harmonic oscillator with a constant k = Ma.
If we inject a GC particle with a 90° pitch angle at the minimum-B point, it will
stay there in an equilibrium position (just cyclotron circling—remember that for the
time being we are ignoring any drifts, but if we do take them into account, the GC
particle will stay on a minimum-B surface even if the latter is slightly warped).
If the pitch angle is slightly less than 90°, the particle will bounce in harmonic
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field-aligned motion between very close-by mirror points* with a bounce period

derived from (2.39):
272 |B
B =27 & ”*/—,/— (2.40)
Ma v a

The second near-equality is justified because v ~ v in the expression of the
magnetic moment M. Note that this period (or the bounce angular frequency
wp = 271/ 1) to first order only depends on the local magnetic field geometry and
the particle’s (mostly transverse) velocity. Under the adiabatic condition (2.2), the
bounce period is always much larger than the cyclotron period (1.20), t, > t¢.
The half-bounce path S, = 1/2v7, is independent of the particle and it, too,
is much larger than the Larmor radius under adiabatic condition (2.1). Note the
apparently curious fact that even a 90° equatorial particle does have a finite bounce
period and a half-bounce path—but that’s the same thing as a mechanical oscillator
in equilibrium position having a non-zero fundamental frequency despite being at
rest! It can be shown that for near-equatorial particles, a = B/ RC2 , Where R¢ is
the field line curvature at the equatorial point. The bounce path (2.35) and bounce
period are then:

Sy, = nv/2Rc or 1, = 27V2/v)Re (2.41)

Finally, there will always be points on a field line beyond which a particle is lost
(intersection with the ionosphere in the geomagnetic field, maximum-B point in the
coils of a mirror machine, Fig.2.5). This leads to the concept of loss cone o) at
point s, which in absence of field-aligned electric field and forces has an aperture

B(s)

5 (2.42)

sinay (s) =

where B is the magnetic field intensity at point s; where the field line intersects
the ionosphere (or passes through the coil in a mirror machine). At any point of a
field line in the examples of Fig.2.5 there will be always two loss cones, one for
direction +s and one for —s. If there is complete hemispheric symmetry of the field
intersections with the ionosphere, or for a mirror machine along the z-axis, the two
loss cones will be equal.

Our second example will consist of a geomagnetic dipole-like field line with
a parallel electrostatic potential V(s) (again, please do not confuse this symbol
with drift velocity!). Now we must use the more general Egs. (2.29)—(2.31). The
right-hand side of the third equation consists of two factors, (sin®c;/B;)B(s),

“This justifies the entire discussion in Sect. 1.6 of equatorial particles: even if their pitch angles
deviate a bit from 90°, during their drift they will always be tied to an equilibrium position on the
minimum-B surface.
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Fig. 2.7 Field parameters
and particle loss cone in the
northern hemisphere of a
terrestrial field line

which is the value of sin’(s) in absence of parallel forces, and an energy-
dependent correction function [1 — g(V(s) — V;)/T;]~". Under these circumstances
the expressions of the bounce period (2.34) and half-bounce path (2.35) have to
be appropriately modified and the position of the mirror points s,, will be energy-
dependent, solution(s) of the following equation directly derived from (2.31):

B(sm) _ (V(sm) B Vl)
B l—g—F— (2.43)

In this expression B = B;/(1 — u?), the mirror point field intensity in absence of
field-aligned forces.

Let us examine the case in detail. The result of Eq. (2.31) (which always should
be compromised between 0 and +1) may “go wrong” in two ways, representing an
off-limits place for the particle. First, it could be > 1 because of too large values of
B(s) (as it happened in our previous discussion of mirror points regarding (2.33)),
or because of the energy-dependent correction function. Second, it could turn out
< 0 because of this correction function between brackets. We shall discuss these
situations in more detail.

First, to the mirror points. Refer to Fig.2.7; at point P (arc-length s; from the
equatorial point) a particle is injected with kinetic energy 7; and pitch angle «;
traveling toward the Earth. L is the intersection with a loss region where the potential
is V. First assume that gV > gV;, which corresponds to a force directed toward
the equator, away from L (for electrons, it would be an electric field directed toward
the Earth). If T; < ¢(V — V;), according to (2.31) the value of sin(czz) would be
negative, i.e. the point s; would be inaccessible to the particle. This means that all
particles through P, even those with a 0° pitch angle, would mirror before reaching
the loss region—turned around by the combined action of the electric force and
the mirror force. On the other hand, if gV, < gV; (parallel electric force directed
toward the loss point L), sin*(ce; ) > B/ By and the loss cone at P will be bigger than
in absence of the electric field. Thus, in general terms, decelerating potentials will
narrow the loss cone (maybe even eliminate it), while accelerating potentials will
widen it. This has important consequences for the action of an auroral mechanism
which in general involves the generation of a field-aligned electric field directed
from the ionosphere toward the equatorial point of a field line (¢V, > ¢V(s)), in
both hemispheric branches of the field line.

Under an earthward-directed parallel electric force an interesting situation may
arise for particles injected from P toward the equator (v|; < 0), i.e., away from
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Fig. 2.8 Case of a particle
trapped between two mirror
points in the same
hemisphere, for certain
conditions of the field-aligned
electric field

Fig. 2.9 Background of a
v, v) map, for charged
particles at a given point P of
a centered dipole field line,
showing loss-cone angle and
constant kinetic energy
contours. +v) points to the
northern hemisphere
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the ionosphere. An examination of relation (2.31) shows that for certain V’s and
T;’s, the correction function may win over the other term (sin®«; /B;)B(s), and
the particle may reach a mirror point before it crosses the equatorial point of the
field line. In other words, a particle may be trapped on the same hemispheric side
of a field line (see sketch in Fig.2.8)! This indeed can happen to electrons under
auroral electric field conditions. Positive ions, on the other hand, traveling under
these electric field conditions upwards from the ionosphere decrease their pitch
angles; bundles of ions from the upper ionosphere accelerated and focused along the
field line because of this process are called “conics”. In Sect. 3.3 we shall mention
a region of the dayside magnetosphere near the boundary where the magnetic field
has a slight secondary maximum on the equator, where particles can be trapped in
high-latitute pockets on the same side of the equator.

A useful representational device are the so-called velocity maps in which a
guiding center particle is represented as a point, and on which directional particle
fluxes (see Sect.4.1) can be mapped and key regions and their delimitations
identified. For instance, in absence of any external forces, the velocity map of a
particle injected at a point P of the field line would look as shown in Fig. 2.9. This
figure is drawn for a given guiding center position on a field line of a pure dipole,
and shows constant kinetic energy 7' and pitch angle o contours; trapping and loss
regions are also indicated. One point on the map represents a particle with a given
pair of velocities v, , v at that guiding center position on the field line.

This map becomes more interesting when the field line is no longer an equipo-
tential. Let us combine (2.29) and (2.30) into the following equation, for the case of
a field-aligned electrostatic potential V(s):

@] 2q

vj(s) = vj; + v, [1 - - Z[V(s) — V] (2.44)
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Fig. 2.10 Limiting curves AUL
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vﬁ(s) will now be equal to zero at mirror points due to the combined action of
a mirror force and an electric field force; these points always separate an allowed
segment of the field line from an off-limits one. In our example, for particles starting
from s; toward the Earth, we have B(s) > B; and gV (s) > ¢V;; for particles starting
toward the equator, reverse the inequalities.

The regions of the velocity map representing particles which either mirror or
precipitate will be separated by a curve of points v, v for which at s, the value
of (2.44) is vﬁ(sL) = 0. For electrons, the equation of this separatrix (Fig.2.10) is
given by

\/ v} + 2lgl/m(Vi — V;)
vy = (2.45)

(BL/Bi —1)

Notice in the figure the two regions separated by the hyperbola branch given by
this equation: (i) the upper region of initial vy, v values, for which the electron
will mirror as it travels toward the Earth before it precipitates into the ionosphere
at L; (ii) the lower region of initial values for which the electron accelerated by
the electric field will precipitate. The asymptote of the hyperbola branch shown
represents the loss cone in absence of any field-aligned electric field. Note that even
electrons with an initial 90° pitch angle (v = 0,v1 = v} ) can be drawn into the
ionosphere and precipitate. For positive ions, Eq. (2.45) will have a negative sign in
front of 2|¢q| and the separatrix is a conjugate hyperbola, as shown in broken line
in Fig. 2.10. Ions that would have been lost in absence of an electric field will now
mirror before reaching the ionosphere as the result of a concerted action of electric
and mirror forces.

Our next task is to examine what will happen to electrons initially traveling in
the opposite direction, i.e., toward the equator (decreasing s, v); < 0). Those are
the particles w