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Preface

The present book has its origins in our earlier book Plasma Dynamics published in
1969. Many who used Plasma Dynamics took the trouble to send us comments,
corrections and criticism, much of which we intended to incorporate in a new
edition. In the event our separate preoccupations so delayed this that we came to
the conclusion that we should instead write another book, that might better reflect
changes of emphasis in the subject since the original publication. In writing we had
two aims. The first was to describe topics that have a place in any core curriculum
for plasma physics, regardless of subsequent specialization and to do this in a way
that, while keeping physical understanding firmly in mind, did not compromise on
a proper mathematical framework for developing the subject. At the same time we
felt the need to go a step beyond this and illustrate and extend this basic theory
with examples drawn from topics in fusion and space plasma physics.

In developing the subject we have followed the traditional approach that in our
experience works best, beginning with particle orbit theory. This combines the
relative simplicity of describing the dynamics of a single charged particle, using
concepts familiar from classical electrodynamics, before proceeding to a variety of
magnetohydrodynamic (MHD) models. Some of the intrinsic difficulties in getting
to grips with magnetohydrodynamics stem from the persistent neglect of classical
fluid dynamics in most undergraduate physics curricula. To counter this we have
included in Chapter 3 a brief outline of some basic concepts of fluid dynamics be-
fore characterizing the different MHD regimes. This leads on to a detailed account
of ideal MHD in Chapter 4 followed by a selection of topics illustrating different
aspects of resistive MHD in Chapter 5. Plasmas support a bewildering variety of
waves and instabilities and the next two chapters are given over to classifying the
most important of these. Chapter 6 continues the MHD theme, dealing with waves
which can be described macroscopically. In contrast to normal fluids, plasmas are
characterized by modes which have to be described microscopically, i.e. in terms
of kinetic theory, because only particular particles in the distribution interact with
the modes in question. An introduction to plasma kinetic theory is included in
Chapter 7 along with a full discussion of the basic modes, the physics of which is
governed largely by wave—particle interactions. The development of kinetic theory
is continued in Chapter 8 but with a change of emphasis. Whereas the effect of

X1



xii Preface

collisions between plasma particles is disregarded in Chapter 7, these move centre
stage in Chapter 8 with an introduction to another key topic, plasma transport
theory.

A thorough grounding in plasma physics is provided by a selection of topics
from the first eight chapters, which make up a core syllabus irrespective of sub-
sequent specialization. The remaining chapters develop the subject and provide
a basis for more specialized courses, although arguably Chapter 9 on plasma ra-
diation is properly part of any core syllabus. This chapter, which discusses the
principal sources of plasma radiation, excepting bound—bound transitions, along
with an outline of radiative transport and the scattering of radiation by laboratory
plasmas, provides an introduction to a topic which underpins a number of key
plasma diagnostics. Chapters 10 and 11 deal in turn and in different ways with
aspects of non-linear plasma physics and with effects in inhomogeneous plasmas.
Both subjects cover such a diversity of topics that we have been limited to a dis-
cussion of a number of examples, chosen to illustrate the methodology and physics
involved. In Chapter 10 we mainly follow a tutorial approach, outlining a variety
of important non-linear effects, whereas in Chapter 11 we describe in greater detail
a few particular examples by way of demonstrating the effects of plasma inhomo-
geneity and physical boundaries. The book ends with a chapter on the classical
theory of plasmas in which we outline the comprehensive mathematical structure
underlying the various models used, highlighting how these relate to one another.

An essential part of getting to grips with any branch of physics is working
through exercises at a variety of levels. Most chapters end with a selection of
exercises ranging from simple quantitative applications of basic results on the one
hand to others requiring numberical solution or reference to original papers.

We are indebted to many who have helped in a variety of ways during the long
period it has taken to complete this work. For their several contributions, com-
ments and criticism we thank Hugh Barr, Alan Cairns, Angela Dyson, Pat Edwin,
Ignazio Fidone, Malcolm Haines, Alan Hood, Gordon Inverarity, David Mont-
gomery, Ricardo Ondarza-Rovira, Sean Oughton, Eric Priest, Bernard Roberts,
Steven Schwartz, Greg Tallents, Alexey Tatarinov and Andrew Wright. We are
indebted to Dr J.M. Holt for permission to reproduce Fig. 9.16. Special thanks are
due to Andrew Mackwood who prepared the figures and to Misha Sanderson who
shared with Andrew the burden of producing much of the I£IEX copy. Finally, we
thank Sally Thomas, our editor at CUP, for her ready help and advice in bringing
the book to press.

T.J.M. Boyd, Dedham
J.J. Sanderson, St Andrews
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Introduction

1.1 Introduction

The plasma state is often referred to as the fourth state of matter, an identification
that resonates with the element of fire, which along with earth, water and air made
up the elements of Greek cosmology according to Empedocles.{ Fire may indeed
result in a transition from the gaseous to the plasma state, in which a gas may
be fully or, more likely, partially ionized. For the present we identify as plasma
any state of matter that contains enough free charged particles for its dynamics
to be dominated by electromagnetic forces. In practice quite modest degrees of
ionization are sufficient for a gas to exhibit electromagnetic properties. Even at
0.1 per cent ionization a gas already has an electrical conductivity almost half the
maximum possible, which is reached at about 1 per cent ionization.

The outer layers of the Sun and stars in general are made up of matter in an
ionized state and from these regions winds blow through interstellar space con-
tributing, along with stellar radiation, to the ionized state of the interstellar gas.
Thus, much of the matter in the Universe exists in the plasma state. The Earth
and its lower atmosphere is an exception, forming a plasma-free oasis in a plasma
universe. The upper atmosphere on the other hand, stretching into the ionosphere
and beyond to the magnetosphere, is rich in plasma effects.

Solar physics and in a wider sense cosmic electrodynamics make up one of
the roots from which the physics of plasmas has grown; in particular, that part of
the subject known as magnetohydrodynamics — MHD for short — was established
largely through the work of Alfvén. A quite separate root developed from the
physics of gas discharges, with glow discharges used as light sources and arcs
as a means of cutting and welding metals. The word plasma was first used by
Langmuir in 1928 to describe the ionized regions in gas discharges. These origins

T Empedocles, who lived in Sicily in the shadow of Mount Etna in the fifth century BC, was greatly exercised
by fire. He died testing his theory of buoyancy by jumping into the volcano in 433BC.



2 Introduction

are discernible even today though the emphasis has shifted. Much of the impetus
for the development of plasma physics over the second half of the twentieth century
came from research into controlled thermonuclear fusion on the one hand and
astrophysical and space plasma phenomena on the other.

To a degree these links with ‘big science’ mask more bread-and-butter applica-
tions of plasma physics over a range of technologies. The use of plasmas as sources
for energy-efficient lighting and for metal and waste recycling and their role in
surface engineering through high-speed deposition and etching may seem prosaic
by comparison with fusion and space science but these and other commercial
applications have laid firm foundations for a new plasma technology. That said,
our concern throughout this book will focus in the main on the physics of plasmas
with illustrations drawn where appropriate from fusion and space applications.

1.2 Thermonuclear fusion

While thermonuclear fusion had been earlier indentified as the source of energy
production in stars it was first discussed in detail by Bethe, and independently
von Weizsicker, in 1938. The chain of reactions proposed by Bethe, known as the
carbon cycle, has the distinctive feature that after a sequence of thermonuclear
burns involving nitrogen and oxygen, carbon is regenerated as an end product
enabling the cycle to begin again. For stars with lower central temperatures the
proton—proton cycle

H'+ H' — D*4ef+v (1.44MeV)
D>+ H' — ,He+y (5.49MeV)
,He® +,He* — ,He*+2 H' (12.86MeV)

where et, v and y denote in turn a positron, neutrino and gamma-ray, is more
important and is in fact the dominant reaction chain in lower main sequence stars
(see Salpeter (1952)). Numbers in brackets denote the energy per reaction. In the
first reaction in the cycle, the photon energy released following positron—electron
annihilation (1.18 MeV) is included; the balance (0.26 MeV) carried by the neu-
trino escapes from the star. The third reaction in the cycle is only possible at tem-
peratures above about 107 K but accounts for almost half of the total energy release
of 26.2 MeV. The proton—proton cycle is dominant in the Sun, the transition to the
carbon cycle taking place in stars of slightly higher mass. The energy produced
not only ensures stellar stability against gravitational collapse but is the source of
luminosity and indeed all aspects of the physics of the outer layers of stars.

The reaction that offers the best energetics for controlled thermonuclear fusion
in the laboratory on the other hand is one in which nuclei of deuterium and tritium
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fuse to yield an alpha particle and a neutron:
1D* + 1T — ,He* +on' (17.6MeV)

The total energy output AE = 17.6 MeV is distributed between the alpha par-
ticle which has a kinetic energy of about 3.5 MeV and the neutron which carries
the balance of the energy released. The alpha particle is confined by the magnetic
field containing the plasma and used to heat the fuel, whereas the neutron escapes
through the wall of the device and has to be contained by a neutron-absorbing
blanket.

1.2.1 The Lawson criterion

Although the D-T reaction rate peaks at temperatures of the order of 100keV
it is not necessary for reacting nuclei to be as energetic as this, otherwise con-
trolled thermonuclear fusion would be impracticable. Thanks to quantum tun-
nelling through the Coulomb barrier, the reaction rate for nuclei with energies
of the order of 10keV is sufficiently large for fusion to occur. A simple and
widely used index of thermonuclear gain is provided by the Lawson criterion.
For equal deuterium and tritium number densities, np = nt = n, the thermonu-
clear power generated by a D-T reactor per unit volume is Py = %nz(o V)AE,
where (ov) denotes the reaction rate, o being the collisional cross-section and v
the relative velocity of colliding particles. For a D-T plasma at a temperature of
10keV, (ov) ~ 1.1 x 1072 m? s™! so that Py ~ 7.7 x 10722 Wm™>. About
20% of this output is alpha particle kinetic energy which is available to sustain
the fuel at thermonuclear reaction temperatures, the balance being carried by the
neutrons which escape from the plasma. Thus the power absorbed by the plasma is
P, = J—t(cr v)n’E, where E, = 3.5MeV. This is the heat added to unit volume of
plasma per unit time as a result of fusion.

We have to consider next the energy lost through radiation, in particular as
bremsstrahlung from electron—ion collisions. We shall find in Chapter 9 that
bremsstrahlung power loss from hot plasmas may be represented as P, = an’T'/?,
where « is a constant and 7 denotes the plasma temperature. Above some crit-
ical temperature the power absorbed through alpha particle heating outstrips the
bremsstrahlung loss. Other energy losses besides bremsstrahlung have to be taken
into consideration. In particular, heat will be lost to the wall surrounding the plasma
at arate 3nkg T /T where t is the containment time and kg is Boltzmann’s constant.
Balancing power gain against loss we arrive at a relation for nt. Lawson (1957) in-
troduced an efficiency factor 7 to allow power available for heating to be expressed

in terms of the total power leaving the plasma. The Lawson criterion for power
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Fig. 1.1. The Lawson criterion for ignition of fusion reactions. Data points correspond to
a range of magnetic and inertial confinement experiments showing a progression towards
the Lawson curve.

gain is then

3kgT
nt > (1.1)
_n —_ T2
[4(1#’) (cv)AE — TV ]
This condition is represented in Fig. 1.1. Using Lawson’s choice for n = 1/3

(which with hindsight is too optimistic), the power-gain condition reduces to
nt > 10°°m~3s. The data points shown in Fig. 1.1 are nt values from a range
of both magnetically and inertially contained plasmas over a period of about two
decades, showing the advances made in both confinement schemes towards the
Lawson curve.

1.2.2 Plasma containment

Hot plasmas have to be kept from contact with walls so that from the outset mag-
netic fields have been used to contain plasma in controlled thermonuclear fusion
experiments. Early devices such as Z-pinches, while containing and pinching the
plasma radially, suffered serious end losses. Other approaches trapped the plasma
in a magnetic bottle or used a closed toroidal vessel. Of the latter the fokamak,
a contraction of the Russian for foroidal magnetic chamber, has been the most
successful. Its success compared with competing toroidal containment schemes is
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Fig. 1.2. Tokamak cross-section.

attributable in large part to the structure of the magnetic field used. Tokamak fields
are made up of two components, one foroidal, the other poloidal, with the resultant
field winding round the torus as illustrated in Fig. 1.2. The toroidal field produced
by currents in external coils is typically an order of magnitude larger than the
poloidal component and it is this aspect that endows tokamaks with their favourable
stability characteristics. Whereas a plasma in a purely toroidal field drifts towards
the outer wall, this drift may be countered by balancing the outward force with
the magnetic pressure from a poloidal field, produced by currents in the plasma.
Broadly speaking, the poloidal field maintains toroidal stability while the toroidal
field provides radial stability. For a typical tokamak plasma density the Lawson
criterion requires containment times of a few seconds.

Inertial confinement fusion (ICF) offers a distinct alternative to magnetic con-
tainment fusion (MCF). In ICF the plasma, formed by irradiating a target with
high-power laser beams, is compressed to such high densities that the Lawson
criterion can be met for confinement times many orders of magnitude smaller than
those needed for MCF and short enough for the plasma to be confined inertially.
The ideas behind inertial confinement are represented schematically in Fig. 1.3(a)
showing a target, typically a few hundred micrometres in diameter filled with a
D-T mixture, irradiated symmetrically with laser light. The ionization at the target
surface results in electrons streaming away from the surface, dragging ions in
their wake. The back reaction resulting from ion blow-off compresses the target
and the aim of inertial confinement is to achieve compression around 1000 times
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Fig. 1.3. Direct drive (a) and indirect drive (hohlraum) (b) irradiation of targets by intense
laser light.

liquid density with minimal heating of the target until the final phase when the
compressed fuel is heated to thermonuclear reaction temperatures. An alternative to
the direct drive approach illustrated in Fig. 1.3(a) is shown in Fig. 1.3(b) in which
the target is surrounded by a hohlraum. Light enters the hohlraum and produces
X-rays which in turn provide target compression and indirect drive implosion.

1.3 Plasmas in space

Thermonuclear burn in stars is the source of plasmas in space. From stellar cores
where thermonuclear fusion takes place, keV photons propagate outwards towards
the surface, undergoing energy degradation through radiation—matter interactions
on the way. In the case of the Sun the surface is a black body radiator with a
temperature of 5800 K. Photons propagate outwards through the radiation zone
across which the temperature drops from about 10’ K in the core to around 5 x
10° K at the boundary with the convection zone. This boundary is marked by a drop
in temperature so steep that radiative transfer becomes unstable and is supplanted
as the dominant mode of energy transport by the onset of convection.

Just above the convection zone lies the photosphere, the visible ‘surface’ of the
Sun, in the sense that photons in the visible spectrum escape from the photosphere.
UV and X-ray surfaces appear at greater heights. Within the photosphere the Sun’s
temperature falls to about 4300 K and then unexpectedly begins to rise, a transition
that marks the boundary between photosphere and chromosphere. At the top of
the chromosphere temperatures reach around 20000 K and heating then surges
dramatically to give temperatures of more than a million degrees in the corona.

The surface of the Sun is characterized by magnetic structures anchored in the
photosphere. Not all magnetic field lines form closed loops; some do not close
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in the photosphere with the result that plasma flowing along such field lines is
not bound to the Sun. This outward flow of coronal plasma in regions of open
magnetic field constitutes the solar wind. The interaction between this wind and the
Earth’s magnetic field is of great interest in the physics of the Sun—Earth plasma
system. The Earth is surrounded by an enormous magnetic cavity known as the
magnetosphere at which the solar wind is deflected by the geomagnetic field, with
dramatic consequences for each. The outer boundary of the magnetosphere occurs
at about 10Rg, where Rg denotes the Earth’s radius. The geomagnetic field is swept
into space in the form of a huge cylinder many millions of kilometres in length,
known as the magnetotail. Perhaps the most dramatic effect on the solar wind is
the formation of a shock some 5Rg upstream of the magnetopause, known as the
bow shock. We shall discuss a number of these effects later in the book by way of
illustrating basic aspects of the physics of plasmas.

1.4 Plasma characteristics

We now introduce a number of concepts fundamental to the nature of any plasma
whatever its origin. First we need to go a step beyond our statement in Section 1.1
and obtain a more formal identification of the plasma condition. Perhaps the most
notable feature of a plasma is its ability to maintain a state of charge neutrality.
The combination of low electron inertia and strong electrostatic field, which arises
from even the slightest charge imbalance, results in a rapid flow of electrons to
re-establish neutrality.

The first point to note concerns the nature of the electrostatic field. Although at
first sight it might appear that the Coulomb force due to any given particle extends
over the whole volume of the plasma, this is in fact not the case. Debye, in the
context of electrolytic theory, was the first to point out that the field due to any
charge imbalance is shielded so that its influence is effectively restricted to within
a finite range. For example, we may suppose that an additional ion with charge
Ze is introduced at a point P in an otherwise neutral plasma. The effect will
be to attract electrons towards P and repel ions away from P so that the ion is
surrounded by a neutralizing ‘cloud’. Ignoring ion motion and assuming that the
number density of the electron cloud 7. is given by the Boltzmann distribution,
n. = neexp(e¢/ksT:), where T is the electron temperature, we solve Poisson’s
equation for the electrostatic potential ¢ () in the plasma.

Since ¢ (r) — 0 as r — oo, we may expand exp(e¢/kgT.) and with Zn; = n.,
Poisson’s equation for large r and spherical symmetry about P becomes

1d [ ,d e
(2—¢): nee o9 (1.2)

—-—\r = —
r2dr ' dr eokgTe A}
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say, where ¢ is the vacuum permittivity. Now matching the solution of (1.2), ¢ ~
exp(—r/Ap)/r, with the potential ¢ = Ze/4mweor as r — 0 we see that

Ze
o(r) = ) exp(—r/Ap) (1.3)
TTEGT
where
kT, \ /? T.(eV)\'/?
Ap = (80 Bze) ~7.43 x 10° (ﬂ) m (1.4)
nee Ne

is called the Debye shielding length. Beyond a Debye sphere, a sphere of radius
Ap, centred at P, the plasma remains effectively neutral. By the same argument
Ap is also a measure of the penetration depth of external electrostatic fields, i.e.
of the thickness of the boundary sheath over which charge neutrality may not be
maintained.

The plausibility of the argument used to establish (1.3) requires that a large
number of electrons be present within the Debye sphere, i.e. ne)% > 1. The inverse
of this number is proportional to the ratio of potential energy to kinetic energy in
the plasma and may be expressed as

&> 1

80](]3 Te}\D - ne)%

8= <1 (1.5)

Since g plays a key role in the development of formal plasma theory it is known as
the plasma parameter. Broadly speaking, the more particles there are in the Debye
sphere the less likely it is that there will be a significant resultant force on any
given particle due to ‘collisions’. It is, therefore, a measure of the dominance of
collective interactions over collisions.

The most fundamental of these collective interactions are the plasma oscillations
set up in response to a charge imbalance. The strong electrostatic fields which
drive the electrons to re-establish neutrality cause oscillations about the equilib-
rium position at a characteristic frequency, the plasma frequency w,. Since the
imbalance occurs over a distance Ap and the electron thermal speed V. is typically
(kg T./m.)"/* we may express the electron plasma frequency wpe by

_ (ksTe/m)'? (neeZ)‘/z

= 1.6
Cpe Ab Mo (1.0
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which reduces to wp. >~ 56. 4nd’*s~!. Note that any applied fields with frequen-
cies less than the electron plasma frequency are prevented from penetrating the
plasma by the more rapid electron response which neutralizes the field. Thus a
plasma is not transparent to electromagnetic radiation of frequency @ < wpe. The
corresponding frequency for ions, the ion plasma frequency w;, is defined by

iZ 2N 1/2 . 1/2
wpi:(”( e)) ~ 1327 (”Z) (1.7)

n;i&o

where Z denotes the charge state and A the atomic number.

1.4.1 Collisions and the plasma parameter

We have seen that the effective range of an electric field, and hence of a collision,
is the Debye length Ap. Thus any particle interacts at any instant with the large
number of particles in its Debye sphere. Plasma collisions are therefore many-body
interactions and since g < 1 collisions are predominantly weak, in sharp contrast
with the strong, binary collisions that characterize a neutral gas. In gas kinetics
a collision frequency v, is defined by v. = nVyo (r/2) where o (r/2) denotes
the cross-section for scattering through 7 /2 and V4, is a thermal velocity. Such a
deflection in a plasma would occur for particles 1 and 2 interacting over a distance
b for which eje; /4w egby ~ kgT sothat v, = (n erb%). However, the cumulative
effect of the much more frequent weak interactions acts to increase this by a factor
~ 8In(Ap/by) =~ 8 ln(47tnk ). For electron Colhs10ns with ions of charge Ze it
follows that the electron—ion collision time 7¢; = v !is given by

2n80me/ (kg T.)*"?
Z%n;e* In A

Tei = (1.8)

where In A = In 4nnA3D is known as the Coulomb logarithm. For singly charged
ions the electron—ion collision time is

732 (eV)

Tei = 3.44 x 1011
niln A

in which we have replaced the factor 27 in (1.8) with the value found from a correct
treatment of plasma transport in Chapter 12. The Coulomb logarithm is

1 n 3
InA=66->In (1020) +2InT. (eV)
The electron mean free path A, = VeTe; 1S

\%
Ao = 1.44 x 1017227 I V)
niln A
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Fig. 1.4. Landmarks in the plasma universe.

Table 1.1 lists approximate values of various plasma parameters along with
typical values of the magnetic field associated with each for a range of plasmas
across the plasma universe. These and other representative plasmas are included
in the diagram of parameter space in Fig. 1.4 which includes the parameter lines
Ap = lum, lcm and nA = 1 together with the line marking the boundary at
which plasmas become degenerate kg7 = e, where €g denotes the Fermi energy.
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Table 1.1. Approximate values of parameters across the plasma universe.

Plasma n T B Wpe AD n)% Vei
m>3) (keV) (M) H () (Hz)
Interstellar 10° 1075 107° 6-10* 0.7 3-10°0 4-108
Solar wind (1 AU) 107 1072 1078 2.10° 7 4.10° 107¢
Tonosphere 102  107* 107 6-107 2-1073 10 10*
Solar corona 1012 0.1 1073 6-107  0.07 4-10% 0.5
Arc discharge 100 1073 01  6-10"" 7.1077 40 1010
Tokamak 1020 10 10 6-10"" 7.107° 3.107 4.10%
ICF 1028 10 — 6-10° 7.-107° 4-100 4-.10"
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Particle orbit theory

2.1 Introduction

On the face of it, solving an equation of motion to determine the orbit of a single
charged particle in prescribed electric and magnetic fields may not seem like the
best way of going about developing the physics of plasmas. Given the central role
of collective interactions hinted at in Chapter 1 and the subtle interplay of currents
and fields that will be explored in the chapters on MHD that follow, it is at least
worth asking “Why bother with orbit theory?”’. One attraction is its relative sim-
plicity. Beyond that, key concepts in orbit theory prove useful throughout plasma
physics, sometimes shedding light on other plasma models.

Before developing particle orbit theory it is as well to be clear about conditions
under which this description might be valid. Intuitively we expect orbit theory to
be useful in describing the motion of high energy particles in low density plas-
mas where particle collisions are infrequent. More specifically, we need to make
sure that the effect of self-consistent fields from neighbouring charges is small
compared with applied fields. Then if we want to solve the equation of motion
analytically the fields in question need to show a degree of symmetry. We shall
find that scaling associated with an applied magnetic field is one reason — indeed
the principal reason — for the success of orbit theory. Particle orbits in a magnetic
field define both a natural length, 7, the particle Larmor radius, and frequency, €2,
the cyclotron frequency. For many plasmas these are such that the scale length, L,
and characteristic time, 7', of the physics involved satisfy an ordering r. /L < 1
and 27/ QT <« 1. This natural ordering lets us solve the dynamical equations
in inhomogeneous and time-dependent fields by making perturbation expansions
using /L and 27t/ QT as small parameters. In this way Alfvén showed that one
could filter out the rapid gyro-motion about magnetic field lines and focus on
the dynamics of the centre of this motion, the so-called guiding centre. Alfvén’s
guiding centre model and the concept of adiabatic invariants (quantities that are

12
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not exact constants of the motion but, in certain circumstances, nearly so) play a
key role in orbit theory. In large part, this chapter is taken up with the development
and application of Alfvén’s ideas.

Throughout this chapter we shall assume that radiative effects are negligible. For
the present we suppose that particle energies are such that we need only solve the
non-relativistic Lorentz equation for the motion of a particle of mass m ; and charge
e; at a position r;(#) moving in an electric field E and a magnetic field B

m;f; =e;[E(, 1) +F; x B(r,1)] (2.1)

under prescribed initial conditions. This needs to be done for particles of each
species. An important part of this procedure requires checking for self-consistency
of the assumed fields. For the most part this means ensuring that fields induced by
the motion of particles are negligible compared with the applied fields. For this we
use Maxwell’s equations

B
VxE = -2 2.2)
ot
JE .
VxB = 80/1054—/10.] (2.3)
V-E = g/s 2.4)
VB = 0 2.5)

in which j(r, #) and ¢(r, ) are current and charge densities defined by

N

i) =) ek ()8 —1;(1) (2.6)
j=1
N

q(r.t) = e;8(r —r;(1)) 2.7)
j=1

where § denotes the Dirac delta function and sums are taken over all plasma
particles. Checking for self-consistency, though not often stressed, is important
since it may impose limits on the use of orbit theory and, in some cases, necessary
conditions on the plasma or fields which would not otherwise be obvious. In the
following applications of orbit theory we discuss self-consistency only when it
gives rise to such limitations. In general whenever charge distributions or current
densities are significant, orbit theory is no longer adequate and statistical or fluid
descriptions are then essential.
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2.2 Constant homogeneous magnetic field

The simplest problem in orbit theory is that of the non-relativistic motion of a
charged particle in a constant, spatially uniform magnetic field, B, with E = 0.
Moreover, we shall see that it is straightforward to deal with more general cases
as perturbations of this basic motion. For simplicity of notation we discard the
subscript j on e; and m ; except where we wish specifically to distinguish between
ions and electrons. Taking the direction of B to define the z-axis, that is B = Bz,
the scalar product of (2.1) with Z gives,

=0 (2.8)
so that Z = v = const. Also from (2.1),
mi -1 =0

so that

2

%mi’ = W = const.

Hence the magnitude of velocity components both perpendicular (v, ) and parallel
(vy) to B are constant and the kinetic energy

W=W.+ W =im@ +v))

It is no surprise that kinetic energy is conserved since the force is always per-
pendicular to the velocity of the particle and, in consequence, does no work on
it. Moreover, conservation of kinetic energy is not restricted to uniform magnetic
fields.

The particle trajectory is determined by (2.8) together with the x and y compo-
nents of (2.1):

i=Qy  j=-i

where 2 = eB/m. A convenient way of dealing with motion transverse to B starts
by defining { = x + iy so that

{+iQL =0
Integrating once with respect to time gives
£ (1) = £ (0) exp(—i2r)
and by defining é(O) = v, exp(—ia) it follows that

x = v cos(Q2t + «) y = —vg sin(Q2f + @) (2.9)
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Fig. 2.1. Orbit of a positively charged particle in a uniform magnetic field.
Integrating a second time determines the particle orbit
v
x = (5) sin(2r + a) + xg
(2.10)
vy
y = (5) cos(2t + o) + yo
and
Z=U‘|I+Z() (211)

where o, xg, yo, and zo, together with v, and v, are determined by the initial con-
ditions. The quantity ¢ (#) = (2t + «) is sometimes referred to as the gyro-phase.
The superposition of uniform motion in the direction of the magnetic field on the
circular orbits in the plane normal to B defines a helix of constant pitch with axis
parallel to B as shown in Fig. 2.1 for a positively charged particle. Referred to
the moving plane z = vt + zo the orbit projects as a circle with centre (xo, yo)
and radius rp, = v, /|2|. The centre of this circle, known as the guiding centre,
describes the locus ry = (xo, Yo, vt + 2o). It is important to emphasize that the
guiding centre is not the locus of a particle as such. The radius of the circle, r,
is known as the Larmor radius and the frequency of rotation, €2, as the Larmor
frequency, cyclotron frequency, or gyro-frequency. The sense of rotation for a
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prescribed magnetic field is determined by €2 which depends on the sign of the
charge. Viewed from z = 400, positive and negative particles rotate in clockwise
and anticlockwise directions, respectively. For electrons || = 1.76 x 10'! Bs~!,
while for protons €, = 9.58 x 10" Bs™! where B is measured in teslas. In many
applications of orbit theory we need concern ourselves only with guiding centre
motion. However aspects of the Larmor motion are needed for discussion later in
the chapter and we next look briefly at one of these.

2.2.1 Magnetic moment and plasma diamagnetism

We can formally associate a microscopic current /1, with the Larmor motion. The
magnetic field from this microcurrent is determined by Ampere’s law and is op-
positely directed to the applied magnetic field. In this sense the response of the
particle to the magnetic field is diamagnetic. In the same formal sense we may
associate with this microcurrent a magnetic moment g given by

e

2 2 B
pug = —nri [ B/|B| = —nr{ | —

271@

where 277 /|€2| is a Larmor period. From this it follows that

Wy
pp=——B

B2
If we now extend this argument to all plasma particles we can find an expression for
the magnetization per unit volume by summing individual moments over the distri-
bution of particles. For n particles per unit volume the magnetization M = n{ug)
where the brackets denote an average. Then using jy = V xM = 'V x Bindg,
the magnitude of the induced field Bj,q4 relative to the applied magnetic field is

Bina _ pon{Wy)
B B2

where (W) denotes the average kinetic energy perpendicular to B. Since we re-
quire the induced field to be small compared with the applied field this implies that
the kinetic energy of the plasma must be much less than the magnetic energy.

2.3 Constant homogeneous electric and magnetic fields

We now introduce a constant, uniform electric field which may be resolved into
components E in the direction of B and E , which is taken to define the direction
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of the y-axis. Thus B = (0,0, B), E = (0, E, E), and the components of (2.1)
are

i=Qy (2.12)
E
y = S o 2.13)
m
E
;= 220 (2.14)
m
Integrating (2.14) once gives
. €E||l
=+

from which it is clear that for sufficiently long times the non-relativistic approxima-
tion breaks down unless E = 0. Further, since charges of opposite sign are accel-
erated in opposite directions, a non-zero E| gives rise to arbitrarily large currents
and charge separation. Therefore, from (2.3) and (2.4) significant fluctuating fields
are induced contrary to our assumption of constant fields. Thus for consistency it
is necessary to set £ = 0 in this approximation.

Equations (2.12) and (2.13) are solved as in Section 2.2. Now

. . leE
L+iQRW = — (2.15)
m
where £, has been replaced by E. Integrating once gives
L) = L0 +vp(1 — ')
where vg = E/B. Hence
X =ucos(2t + a) + vg y = —usin(Q2t 4+ «)
where 1 and « are constants defined by
¢(0) — vg = ue™ ™

The velocity of the guiding centre is now

Ve = (vg, 0, v))

Thus the effect of an electric field perpendicular to the magnetic field is to produce
a drift orthogonal to both. This means that the guiding centre is no longer tied to
a particular field line but drifts across field lines. The drift velocity, which may be
written

vg = (E x B)/B? (2.16)
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Fig. 2.2. Drift produced by a constant uniform electric field perpendicular to the magnetic
field.

depends only on the fields; in particular, being independent of particle charge it
cannot give rise to a current. The non-relativistic approximation implies a further
restriction on the electric field; by (2.16), E < c¢B, where c is the speed of light.
The trajectories of positive and negative particles in the plane defined by (2.11),
found from a second integration of (2.15), are shown in Fig. 2.2. In its Larmor
cycle a positive charge slows when moving in opposition to the electric field and
accelerates when moving with it. Thus the Larmor orbit is continuously distorted as
the instantaneous Larmor radius alternately becomes shorter in one half-cycle and
longer in the next as in Fig. 2.2. The net effect is a drift to the right. The electrons
also drift to the right since the opposite action of the field is compensated for by
the anti-clockwise rotation. The mass difference between positively and negatively
charged particles is represented schematically in Fig. 2.2 by the smaller electron
drift per cycle which is fully compensated by the proportionately bigger Larmor
frequency.

2.3.1 Constant non-electromagnetic forces

It may happen that the particles are subject to non-electromagnetic forces such as
gravity. If such a force, F, is constant it is equivalent to an electric field E' = F/e
and is subject to the same restrictions found for E, i.e. its component parallel to B
must be negligible and F < ceB. The drift velocity is then

vi = (F x B)/eB?

In contrast to vg this drift contributes to a current. There is a nice antithesis here
in that a non-electromagnetic drift produces a current whereas the electromagnetic
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Fig. 2.3. Particle motion showing (a) exact and (b) guiding centre trajectories.

drift vg does not. Note that drifts from gravitational forces while usually insignifi-
cant in laboratory plasmas normally need to be taken into account when applying
orbit theory in space plasmas.

2.4 Inhomogeneous magnetic field

In practice the fields we encounter are generally both space- and time-dependent.
Restricting ourselves for the present to spatially inhomogeneous magnetic fields,
B(r), it is necessary to solve (2.1) numerically in general. However, if the inhomo-
geneity is small — that is, the field experienced by the particle in traversing a Larmor
orbit is almost constant — it is possible to determine the trajectory as a perturbation
of the basic motion found in Section 2.2. With B(r) >~ B(r¢) + (ér - V)B|;—,,
where ry is the instantaneous position of the guiding centre and dr = r — rp, we
require that 6B, the change in B over a distance r, be such that

6B = |(ér - V)B| < [B|

i.e. r, < L where L is a distance over which the field changes significantly.

This perturbation approach was first applied systematically by Alfvén. It is
known as the guiding centre approximation and has proved a robust tool in the
application of orbit theory to cases of practical interest. Alfvén recognized that in
many such applications one need not bother with the fast Larmor motion which can
be averaged out to leave the slower guiding centre motion illustrated in Fig. 2.3.

The most general inhomogeneous field represented by the nine components of
[0B;/0x;] gives rise to distinct kinds of drift from the gradient and curvature terms.
We look at each of these in turn.

2.4.1 Gradient drift
Taking B = (0, 0, B(y)) and E = 0, (2.1) gives

¥=Qyy y=-20x
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so that

¢ =—iQ)¢ (2.17)
and
z=0 (2.18)

With the assumption § B < B, €2 may be expanded about the initial position of the
guiding centre to give

dQ )
Q(y) =~ Qo) + (y — yo0) ay = Qo+ (y — y0)£2
Yo
Hence
L +iQ0¢ = —iQ(y — )¢ (2.19)

The terms on the left are zero-order while that on the right is first-order and, as
such, y and ¢ may be replaced by their zero-order (that is, uniform B) values from
(2.9) and (2.10) giving
2
. . v .
I 4iQol = _isz/OQ—l cos(Qot + a)e ot
0

On integrating once

e YW/

(1) = £ (0)e "0 — ﬂe_’(g‘)”’“)[sin (RQot + o) — sina]

%
Then
! U2
x() = v} cos (Qof + &) — ‘;2; [1 = cos2(Qof + &) — 2sin (Lt + &) sin]
0
(2.20)
Q/ 2
. . oVl . .
y(t) = —vy sin (Qof + ) — 22 [sin 2(L20f + ) — 2 cos (ot + «) sina]
0
(2.21)

These solutions satisfy identical initial conditions to the uniform B case. Also,
from (2.18) z = vy. From (2.20) and (2.21) we see that oscillations occur at 2£2
in addition to those at 2. In the present context, however, the term of interest
is the non-oscillatory one in (2.20). The average of the velocity over one period
(T =21 /) is

(v) = (—v]€,/293,0,v))

Thus a magnetic field in the z direction with a gradient in the y direction gives rise
to a drift in the x direction. This grad B drift velocity may be written

vg = [W.(B x V)B]/eB? (2.22)
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Fig. 2.4. Drift produced by an inhomogeneous magnetic field.

In this case, the drift depends on properties of the particle and, in particular, occurs
in opposite directions for positive and negative charges. However, this of itself does
not imply a flow of current as we shall see in Section 2.5. The physical source of the
V B drift is clear from Fig. 2.4 which shows the Larmor radius bigger in regions
of weaker B. Thus there will be a drift perpendicular both to B and V B but in
this case the opposite rotation of positive and negative charges leads to drifts in
opposite directions.

2.4.2 Curvature drift

In practice magnetic fields not only vary spatially but are generally curved and
the curvature of field lines in turn gives rise to a drift. For example, if B =
(0, By(z), B), where B, and dB, /dz are taken as small quantities, one has

¥=Qy—Q,z y=—Qx 7=Qyx
where 2, = (eB,/m). Hence,
{+iQ = -2,z = -2,y

neglecting squares of small quantities. It is straightforward to show that there is a
drift in the x-direction given by

ve = (i) = —vjQ,/Q* = —mv}(dB,/dz)/e B>
This curvature drift velocity may be written more generally
ve =2W(Bx(B - V)B)/eB* (2.23)

T Itis convenient to keep B for the z component of B. Since |B| does not appear in the remainder of this section
no confusion arises.
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There is also a drift in the y-direction given by (v €2,/€2). This merely keeps the
guiding centre moving parallel to B in the Oyz-plane since, on average,

o)

_usy/@ By
(z) V| B

To see the physical origin of the curvature drift, picture the particle moving along
a curved field line with velocity vj. Because of the curvature the particle will feel
a centrifugal force F = mvﬁRC /R? where R, is a vector from the local centre of
curvature to the position of the charge. From Section 2.3.1, vg = (F x B)/eB? and
SO

_ mvjR. x B
€T eB? R?

Since the magnetic field lines are defined by dl x B = 0 so thatdy/B, = dz/B, it
follows that R;' ~ d*y/dz* >~ B~'dB,/dz. Hence

ve = —mvﬁ(dBy/dz)/eB2

If the magnetic field is characterized by both gradient and curvature terms in VB
and there are no currents present so that V x B = 0, then 9B, /0z = 0B /dy and
the total drift velocity is given by

vg = [(W, +2W))(B x V)B]/eB? (2.24)

Taken together these drifts describe completely the lowest order motion of the
guiding centre across an inhomogeneous time-independent magnetic field. The
drift velocities are O (rp/L) times the particle velocities.

Of the other possible inhomogeneities in the magnetic field, the divergence terms
are considered in Section 2.6.1. However neither these, nor either of the remaining
components of [dB;/dx;] describing shear, give rise to drift motion.

2.5 Particle drifts and plasma currents

We have already sounded a note of caution about too readily identifying particle
guiding centre drifts with plasma current. A current density properly involves an
average over a distribution of particles, a procedure that makes no direct appeal to
the guiding centre motion of particles. Guiding centre drifts on the other hand are
found from time-averaging the motion of a single particle. There are no grounds
for supposing the two averages are identical and in general they are not.
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Let us form a current density corresponding to the V B drift from (2.22) by
summing over ions (i) and electrons (e) and using (W, ) to denote average values
of W, (cf. Section 2.2.1). Then

jo = (W) +ne(Wi)B x VB/B’
= [n(W.)(B x VB)]/B? (2.25)
To arrive at the total current density we must remember to include the contribution

from the plasma diamagnetism. In Section 2.2.1 we saw that the magnetization per
unit volume of plasma, M, is given by

W
M — - n(Wy) B
B2
from which the magnetization current density is
. n(Wy)
M=-Vx ( e B) (2.26)

The total current density is then the sum of jg and j,; for simplicity we suppose
there is no field curvature.

If we now turn to the configuration of Section 2.4.1 with B = (0, 0, B(y)) we
find that part of the magnetization current density cancels the contribution from the
field gradient, so that

i =(jG+jM)-§(=—n<Wl>dB d |:n(Wl):| 1d

_— - — =———mW 2.27
= o o | B 53, W) 2D
The effects of plasma magnetization and guiding centre drift in an inhomogeneous
magnetic field combine to produce a current perpendicular both to the magnetic
field and to the direction in which the field varies, provided n(W ) is spatially non-
uniform. If we now substitute (2.27) into (2.3) we find, neglecting displacement
current,

4B 0 d 0 228

[E‘FE@(H( L)):| = (2.28)
so that n(W,) + B?/2uo = const. Thus we see that our picture is consistent only
if the increasing magnetic field is compensated by a corresponding decrease in
n{W_) (or as we shall see in Section 3.4.2, by decreasing pressure). The particular
case of decreasing density is illustrated in Fig. 2.5.

In general if one keeps the displacement current term in Maxwell’s equations
there is then a time-dependent electric field which gives rise to plasma oscillations.
Any appeal to orbit theory in conditions where charge separation is significant is of
doubtful value. However, if the time dependence of the electric field is slow enough



24 Farticle orbit theory

VB

B® i
S) Vn

Fig. 2.5. Current density in an inhomogeneous magnetized plasma. In any current sheet
perpendicular to the plane of the figure there are more electrons flowing to the left than to
the right because of the density gradient.

so that plasma oscillations do not occur we may include a time-dependent electric
field as we shall see in Section 2.12.

2.6 Time-varying magnetic field and adiabatic invariance

In Section 2.4 we introduced certain inhomogeneous magnetic fields. In practice,
one often has to deal with fields that are time-dependent. In keeping with Sec-
tion 2.4, which was restricted to weakly inhomogeneous fields, we shall consider
only magnetic fields varying slowly in time (|B| /IB| < |€2]). For simplicity, con-
sider a magnetic field which varies in time but not in space. For particle motion in
such a field, can one find conserved quantities that are counterparts to W, W) for
motion in a constant and uniform magnetic field? We shall demonstrate that such
invariants do exist in particular circumstances.

A time-dependent axial magnetic field induces an azimuthal electric field, E, so
that, unlike vy, v, is no longer constant and taking the scalar product of (2.1) with
v, gives

% (Amv) =eE-v,

Thus in executing a Larmor orbit the particle energy changes by
8(%mvi)=?§E-drl=e/(VxE)-dS

where dr; = v, dr and dS is an element of the surface enclosed by the orbital
path. Hence, from (2.2)
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Since the field changes slowly

) .
I 2 5 Myl 2 B
1) (Emv ) >~ Try, |€|B = T@E
Note in passing that the negative sign disappears since for positive (negative)
charges ¢ > 0 (< 0) and B-dS < 0 (> 0). If we denote by § B the change in

magnitude of the magnetic field during one orbit it follows that

6B
SWL - WL?

ie.
S(W./B)=0

From Section 2.2.1 where we identified the magnetic moment of a charged particle
as

mB =% (2.29)

we see from this analysis that pug is an approximate constant of the motion, a
property first recognized by Alfvén.

The magnetic moment is one of a number of entities which are approximate
constants of the motion for particles in magnetic fields. In Hamiltonian dynamics
such quantities are known as adiabatic invariants. In particular the action § p dq,
where p, g are conjugate canonical variables and the integral is taken over a period
of the motion in ¢, is adiabatically invariant. The condition critical for adiabatic
invariance is that the particle trajectory changes slowly on the time scale of the
basic periodic motion. The number of invariants is determined by the periodicities
that characterize the motion. We have established that the adiabatic invariance of
up is associated with Larmor precession in a magnetic field. We shall find that
a charged particle may be trapped between magnetic mirror fields, as a result of
which another periodicity appears and with it a second adiabatic invariant. If in
addition we allow for curvature drift then for a suitably configured field a third
invariant may be identified corresponding to the magnetic flux enclosed by the
drift orbit of the guiding centre.

2.6.1 Invariance of the magnetic moment in an inhomogeneous field

The magnetic moment also turns out to be invariant for motion in spatially inho-
mogeneous magnetic fields for which the matrix [0 B;/dx ;] has non-zero diagonal
elements, the divergence terms. To demonstrate this, consider the axially symmet-
ric magnetic field increasing slowly with z as in Fig. 2.6. Writing the divergence
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Fig. 2.6. Magnetic field increasing in the direction of the field.

property of B in cylindrical polar coordinates and integrating gives

" 0B,
rB.=— | r dr
0 0z

Since the field is approximately constant over one Larmor orbit and |B,| < B,

rL BBZ ~ rL 0B

B == e T %
With this approximation the z component of (2.1) gives
dy 1 0B W, 0B 0B
a A = T Ty
Thus,
d ’ 0B dB
i) = —pevy - = —un g (2.30)
From (2.29)
d , ) d
& (Gmv.?) = 2 (s B) (2.31)
Adding (2.30) and (2.31) and using energy conservation we find
dup
Tl 0 (2.32)

The invariance of ug in spatially varying magnetic fields has important implica-
tions which we explore in the next section.

2.7 Magnetic mirrors

Consider a particle moving in the inhomogeneous field introduced in Section 2.6
towards the region of increasing B. It follows from the invariance of W, /B that
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Fig. 2.7. Magnetic mirror field.

W, must increase. Since energy is conserved this increase must be at the expense
of W,. Thus it may happen that for some value of B (Bg say) W = 0, in which case
the particle cannot penetrate further into the magnetic field and suffers reflection at
this point (provided (v x B) - Z # 0). Such a field configuration has the properties
of a magnetic mirror.

It is convenient to define the pitch angle, 8, of the particle by

tanf = = (2.33)
v

Then, from the invariance of ug = W, /B, it follows that sin’ /B is constant.
Defining the constant by By ' we have

sinf = (B/Br)"? (2.34)

For a particle which penetrates to the point where B reaches its maximum value
Bn before being reflected, Bk = By. Hence particles with pitch angles such that
sinf > (B/ BM)I/ 2 suffer reflection before reaching the region of maximum field;
those having sin6 < (B/ Bw)Y 2 are not reflected.

If one arranges two mirror fields in the configuration shown in Fig. 2.7 then
particles with sin® > (B/By)'/? will be reflected to and fro. This configuration
constitutes a magnetic bottle or adiabatic mirror trap. Taking By to be the value of
the magnetic field in the mid-plane of the bottle, the mirror ratio is defined by

R =
By
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Uy

T

Fig. 2.8. Loss cone for a magnetic mirror. Particles with velocities within the cone will
escape from the mirror.

and particles will be reflected if

sinfy > R™/?

The particles which are lost from the magnetic bottle are those within the solid
angle o in velocity space shown in Fig. 2.8. This solid angle o defines the loss
cone. Denoting the probability of loss from the bottle by P where

o %o
P=—=/ sin 0 d9
27'[ 0

we have

R—1\"* 1
P=1-(2"") ~— ifR>1
(R) 7Y S

Thus the higher the mirror ratio, the less likely it is that particles will escape.

Mirror traps have been used to contain laboratory plasmas but losses through the
mirrors led to their being abandoned in favour of toroidal devices. However, the
concept of magnetic trapping is fundamental to an understanding of many naturally
occurring plasmas such as the Earth’s radiation belts and the energetic particles
associated with solar flares which move in closed loop fields associated with active
regions of the Sun. Before discussing naturally occurring magnetic traps we first
identify a second adiabatic invariant.

2.8 The longitudinal adiabatic invariant

Given that the number of adiabatic invariants reflects the distinct system period-
icities, we expect a second invariant to arise in connection with the reflection of
particles between the fields of a mirror trap. This invariant is associated with the
guiding centre motion and is known as the longitudinal invariant, J, defined by

J = % V) ds (235)
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where ds is an element of the guiding centre path and the integral is evaluated
over one complete traverse of the guiding centre. The invariance of J is useful in
situations in which the mirror points are no longer stationary; therefore B is taken
to be slowly varying in both space and time. Since J is a function of § (= v)), s, ¢,

using W = smvf + upB we may write

ST 2 172
JW,s,1) = / [—(W — /LBB)i| ds
s LM

Then
dJ

(o (2 dW_l_ aJ ds
d— \ar )y, \ow/ , dt s )y, dt
ST2 -z 3B
[ o] " ()0
s LM m ot

, 9B dB) [°T2 172
+ v +@—+@vn— / —(W — ugB) ds
m ot m s ) J, [m

(2.36)

2 12 12 2 (up 3B
+|:E(W—/LBB):| L] —v|/ [E(W_MBB)] (——) ds

m 0s

Now, at the turning point s = s, v = 0; then

dJ (W, s1,1) % 2 12 g OB
" = —¢|=(W - pugB Z""\da
dr m( s B) m ot s
3B 2 -2
i [—(W—MBB)] ds
m ot m

f(MB 3B> ds jugdB [ ds
= - _ ] — 4 —— —_
m ot V)| m 0t V)

T 0B oB ]
— _/ @—dt @_
0

dr
m ot m dt Jy

9B
= —% [B(r|) — B(0) — ‘c|¥:|

~ O(y/tp)?

where 7 is the transit time and fr the time scale for changes in B. Provided tr > 1

dJ
=0
dr

(2.37)



30 Farticle orbit theory

Protons Electrons

10"
1012

| | % @ '/1
<5MeV Uﬂifﬂ(ev
108

‘ke{//l | | | !

St </
>30 MeV >1.6 MeV

(@ (b)

1010

Fig. 2.9. Earth’s radiation belts showing schematic spatial distributions of trapped pro-
tons (a) and electrons (b) across the energy ranges indicated. The contour label is the flux of
charged particles in units (number m~2s™1).

Thus J is an adiabatic invariant. Since the transit time between mirror points
is many Larmor periods, the condition on d B/dt in order that J be invariant is
clearly more stringent than that for . One can establish the adiabatic invariance
of J more generally by including a slowly varying time-dependent electric field. A
relativistic proof of J-invariance was given by Northrop and Teller (1960).

2.8.1 Mirror traps

Invariance of J is a particularly useful concept in determining particle trajectories
in complex magnetic fields and is often used in practice in preference to integrating
the guiding centre equations. One such application serves to characterize particles
injected into, and trapped by, the geomagnetic field. Van Allen and co-workers
first identified regions of energetic particles encircling the Earth in 1958. These
structures are known as the Van Allen radiation belts and similar belts have since
been identified in other planets where magnetospheres are present. The morphol-
ogy of the Earth’s radiation belts is complex, consisting of two regions, an inner
and an outer belt, shown schematically in Fig. 2.9. Protons of energies from 30
to a few hundred MeV were observed extending out to about 2Rg, where Rg is
the Earth radius. Protons populating the outer belt are much less energetic. There
is no comparable demarcation in the electron energy distribution across the two
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regions represented in Fig. 2.9. The distribution of electrons in the outer radiation
belt stretches virtually as far as the magnetopause at ~ 10Rg.

The particle populations in the Van Allen belts are distinct from ionospheric
distributions on the one hand and those of the solar wind on the other. Identifying
the sources of the Van Allen populations provides a key to understanding the
morphology of the radiation belts. The inner belt is characterized not only by
its energy distribution but by the fact that it is more stable than the outer belts.
Taken together these observations suggest distinct sources for inner and outer belt
components. Cosmic rays colliding with atoms result in disintegrations into nuclear
components. These include neutrons travelling outwards which decay to produce
energetic protons and electrons. Observations have confirmed that cosmic rays are
indeed a source for inner belt protons with energies of tens of MeV. The low energy
component on the other hand is thought to derive from an ionospheric source
while those at intermediate energies are variously solar wind particles that have
been accelerated as well as particles injected from the plasma sheet during auroral
events.

Although the detailed dynamics of the radiation belts is complicated it is clear
that the geomagnetic field serves as a magnetic trap for charged particles. The
geomagnetic field may be represented as a dipole (at any rate out to distances of
about SRg beyond which the field is distorted by the solar wind) with the field
lines bunching at the north and south poles. Energetic particles injected into the
Earth’s magnetic field will describe helical trajectories and undergo reflection in the
stronger field regions around the magnetic poles, transit times for protons bouncing
between mirror points being of the order of a second. The stability of the Van Allen
belts is essentially a reflection of the invariance of J.

In addition to the bounce motion between mirror points, the results of Section 2.4
mean that particles drift azimuthally since field lines are curved and there exists a
magnetic field gradient normal to the direction of B. Electrons drift from west to
east and protons vice versa. For an electron with energy 40 keV, the time taken for
the guiding centre to complete a circuit is of the order of an hour. The guiding
centre of a particle generates a surface of rotation, which in some circumstances
may be closed. The periodicity associated with this drift leads to a third adiabatic
invariant in magnetic fields with suitable morphology.

2.9 Magnetic flux as an adiabatic invariant

The third adiabatic invariant is the flux ® of the magnetic field through the surface
of rotation. A formal proof of the adiabatic invariance of & was given by Northrop
(1961). We present here a précis of Northrop’s proof. It is convenient to use a set
of curvilinear coordinates (o, 8, s) where «(r, t), B(r, t) are parameters character-
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izing a field line and therefore constant on it while s represents distance along the
line. The parameters « and B, known as Clebsch variables, are chosen so that

A=aVS B=VaxVB (2.38)

where A is the magnetic vector potential.

For time-dependent magnetic fields the particle energy K = %mvﬁ + usB +
exdf/at is no longer a constant of motion. The flux ® through the longitudinal
invariant surface is a function of J, ug, K and ¢ but since the first pair are known
adiabatic invariants we suppress this dependence and represent the flux as ® (K, ¢).

Then
CD(K,t)=¢A-dl=%av,3-dl=%adﬁ

in which the contour is any simply connected curve lying on the surface and

do (K., . | dP(K,1)
- = g K+ — (2.39)

where (K ); indicating an average of K over motion along the field lines has been
substituted for K since changes over a longitudinal transit time are not of interest
here. It is straightforward to show that (see Exercise 2.4)

g 1 g
K 0K eJ (B) e

10 _ [da 17§<K>|dﬂ_ .

v ™ . ——{(K))p

(B) e

where 1p denotes the period of precession of the guiding centre and ((K')|)p is the
average of (K') over a precession period. From these relations we see that

X = [y - (K] (2.40)
dr e I 7P :
Although d®/dr # 0 it is evident that the average rate of change of the magnetic

flux over a period of precession does vanish, i.e.

g 0 241
()" e
Hence although K is no longer invariant for time-dependent magnetic fields, a
new adiabatic invariant ® has been found in its place. A fuller discussion of the
properties of invariant surfaces has been given by Northrop (1963).

A summary of the properties of the three adiabatic invariants ug, J, and &
is set out in Table 2.1. It is perhaps worth noting that the stringent requirements
demanded of @ (associated with the loss of phase information in averaging over
closed trajectories) make it a less useful invariant in practice than either ug or J.
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Table 2.1. Adiabatic invariants

Invariant Particle Periodicity Validity
characteristic conditions
motion

Magnetic Larmor L =21/|2| <L tp

moment orbit vi T 2~ const.

up=W./B

Longitudinal ~ Longitudinal T LKLy L

invariant bounce between (v%)tu ~ const.  up constant

J=¢fvds mirror
fields

Flux invariant ~ Azimuthal Tp 7. L T

o = fB -dS  precession; (vg)rp 2~ const. Lp KL
drift velocity, B constant
Up J constant
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2.10 Particle orbits in tokamaks

Electron trapping in spatially inhomogeneous magnetic fields is important in the
physics of tokamaks. In Chapter 1 we saw that a tokamak is characterized by a
combination of toroidal and poloidal magnetic fields, B; and Bj, respectively, since
a toroidal field on its own is not capable of containing a plasma in equilibrium.
Anticipating our discussion of toroidal equilibria in Chapter 4, tokamaks are char-
acterized by an ordering of these fields such that B; > B,,. The magnetic field lines
are helices wound on a toroidal surface. Particles whose guiding centres follow
such helical field lines and whose velocity components along the field are high
enough that they cycle round the torus make up the population of passing particles.
In contrast particles with lower velocities parallel to the field contribute to the
population of particles trapped on the outer side of the torus between magnetic
mirrors created by the poloidal variation of the field. The tokamak magnetic field
varies as 1/R where R = Ry +r cos 6; Ry is the major radius of the tokamak and r
the minor radius of the surface on which the guiding centre of the particle lies, with
6 the poloidal angle. The ratio /Ry = € is known as the inverse aspect ratio and
serves as an expansion parameter. The magnetic field B(6) may then be expressed
as

B(0) = BO)(1 — e cos0)/(1 — ¢) (2.42)
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From the adiabatic invariance of ug we find

v_%zl_ﬁ(l—ecose)

2 2 _
v, V) 1 —¢€

It is clear from this expression that v will vanish for 6 satisfying

2
Vo
—— =€(1 —cosb) (2.43)
Vlo

where the right-hand side can assume values up to 2¢ (at 6 = m). Clearly if

vﬁo /v?, > 2¢, (2.43) cannot be satisfied and this condition defines the population
of passing particles. On the other hand if Uﬁo / vio < 2¢ there will be some value of
0 given by (2.43) for which v = 0. This condition serves to define the population
of trapped particles.

Consider in turn the characteristics of passing and trapped particles. Two effects
contribute to the dynamics of passing particles. Superposed on the motion parallel
to the magnetic field which gives rise to rotation in the poloidal direction with
velocity v, = (B,/By)v is a combination of gradient and curvature drifts in the
toroidal magnetic field. Given that B, is approximately inversely proportional to
the major radius R, it follows that the drift velocity vg defined by (2.24) is in
the vertical direction, z. If we suppose that the cross-section is approximately
circular, the motion of the guiding centre projected on to the poloidal plane may be
represented as

r vp sin @
S A — (2.44)
ro Vp + vp cOs 0
The drift orbit is thus
r UB -
T [1 L cosG:| (2.45)
ro vp

where r = ro for & = /2. The displacement of this distorted circle in the direction
of the major radius is determined by

2 1.2 2 1.2
ve) (B _ g WitavD) fvptivl
Apassl =70 (=) (=) = = ~ 2.46
[ Bpas ro(v|>(3p) Q V) LARY] n (2:40)

where g = roB/R B, is a quantity known as the safery factor (see Section 4.3.1)
and ry is the particle Larmor radius in the toroidal magnetic field. For tokamaks, ¢
is typically about 3 near the plasma edge so that for passing particles the shift of
the drift orbit, shown in Fig. 2.10, is significantly bigger than a Larmor radius.
Dealing with the trapped particles is more difficult but by making use of con-

stants of the motion one can determine the size of the drift orbits for this population



2.11 Adiabatic invariance and particle acceleration 35

trapped

Fig. 2.10. Orbits of passing and trapped particles in a tokamak projected on the poloidal
plane.

as well. The procedure is outlined in Exercise 2.5. Trapped particles describe the
banana orbits shown in Fig. 2.10. The width of a banana orbit is approximately

2R\?
[Ag| ~ 2 - qrL (2.47)

We see from this estimate that trapped particle orbits can be an order of magnitude
bigger than a Larmor radius.

2.11 Adiabatic invariance and particle acceleration

Particle acceleration is of widespread interest in both laboratory and space plasmas.
As an example we consider an idea originally put forward by Fermi (1949) to ac-
count for the very energetic particles (O (10'® eV)) in cosmic radiation. How such
enormous energies are attained is obviously a key question in cosmic ray theory.
Fermi postulated that there are regions of space in which clumps of magnetic field
of higher than average intensity occur with charged particles trapped between them.
He argued that these magnetic clumps would not be static and trapped particles
could be accelerated if such regions were approaching one another. By the same
token, particles would lose energy in mirror regions that were separating. Fermi
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Fig. 2.11. Variation of v between mirror points s; and s,. If the field maxima approach
one another, so do the mirror points and at some later time the phase trajectory is given by
the curve from s} to s5.

showed that the probability of head-on collisions was greater than that of overtak-
ing collisions, their relative frequencies being proportional to (v + vg)/(v) — vB)
where vg is the velocity of the magnetic clump.

To see how Fermi acceleration works suppose a charged cosmic ray particle
is trapped between two magnetic mirrors which move towards one another suffi-
ciently slowly that J is a good adiabatic invariant. Suppose too that at 1 = 0 the
coordinates of the mirror points in the phase space diagram, Fig. 2.11, are s; and
52, while at some later time, ', they shift to s; and s respectively. The invariance
of J means that the area enclosed by the phase space orbit is constant. Denoting
s1 — 52 by 50, 57 — 55 by 5 gives

ESE
So

where vy, UI/\ are the parallel components of velocity at the mid-plane at t = 0,

t = t’, respectively. Then
S0 2
Wy = <S—) Wi
0

2
’_ / /_m 2 S0 2

by making use of the invariance of pp (assuming the field is constant at the mid-
plane). Thus the energy of a particle trapped between slowly approaching magnetic
mirrors increases. As proposed originally, Fermi acceleration suffers from a serious

and

limitation. For increasing vy, the pitch angle defined by (2.33) decreases so that at
some stage a particle being accelerated falls into the loss cone and escapes, thus
limiting the gain in energy.
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2.12 Polarization drift

Up to this point we have not allowed for any time-dependent electric fields, having
set E =0 (in Section 2.5) to exclude plasma oscillations. We now want to relax
this condition and allow for a slow time variation in an applied electric field. Doing
so introduces yet another drift, the polarization drift, to add to those discussed
earlier. To see how polarization drift comes about, we return to the configuration
analysed in Section 2.3 with an electric field acting in a direction perpendicular to
an applied magnetic field. By slow time dependence of the electric field we mean
slow compared with the Larmor period of the particle. Starting with (2.12) and
(2.13) which we used to identify the E x B drift, we introduce a transformation
X = x — ¢E| /mS2 to move to the drift frame. In this frame

e dEL

oL V= —QX 2.48
mﬁm) Y (248)

X:QG—
If we now apply a second transformation

e dEJ_

yoj_ ¢ &
4 mS2 dr

and make use of the fact that the time scale of variation of the electric field is much
longer than a Larmor period, the equations of motion in this new frame reduce to
the Larmor equations for motion in a magnetic field alone. This establishes that in
addition to the E x B drift there is now a polarization drift, with drift velocity vp
given by

m dE

_m 2.49
ve eB? dr ( )

The polarization drift has distinct properties compared with the E x B drift. Since
vp is charge-dependent, electron and ion drifts are in opposite directions but the
mass dependence means that the ion drift is dominant. Associated with the drift is
a polarization current density

- nin; dE
=g

which contributes to the total current density in general (see Section 2.5). The name
polarization drift comes from the fact that the electric field inside most plasmas
derives not from an externally applied source but from the polarization of the
plasma due to charge separation.
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2.13 Particle motion at relativistic energies

To describe the motion of particles of relativistic energy we have to revert to the
full Lorentz equation,

where y = (1—v?/c?)!/2. 1t is possible to set about solving the Lorentz equation for
the various field configurations considered earlier. For example a particle moving
with relativistic velocity in a constant, uniform magnetic field B, with energy £ =
ymc? is now characterized by a Larmor frequency

eB

Q=-—"—
my

(2.51)
In the case of motion in constant, uniform electric and magnetic fields we no longer
need to insist that £ = 0 as in Section 2.3. In general one can repeat the analysis
of slowly varying magnetic fields in the drift approximation using the full Lorentz
equation and again establish the existence of adiabatic invariants. However, these
exercises are of limited value and rather than go down this road we turn instead
to a problem of greater practical interest, the relativistic motion of particles in an
electromagnetic field.

2.13.1 Motion in a monochromatic plane-polarized electromagnetic wave

For a plane-polarized wave propagating in the x direction, E = (0, E, 0), and
B = (0,0, B). We can conveniently describe the fields by their vector potential,
A = (0, a(r) coswrt, 0), where a is the amplitude of the wave, w the frequency,
and T = t — x/c. For a truly monochromatic wave a is constant. In practice,
however, a can never be constant since the amplitude must grow from zero when
the wave is switched on. Moreover, treatments which assume a is constant lead
to solutions depending critically on the initial phase and thereby predict electron
drifts in arbitrary directions (see Exercise 2.7). For an almost monochromatic wave,
a(t) must be a slowly varying function and the only significant effect of including
its variation is to ensure that the fields are initially zero; dependence on the initial
phase does not then appear. E and B are given by the usual equations

0A
E=—— B=V xA
ot
from which it follows in the case of a plane-polarized wave
dA
E=cB=

S dr
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The relativistic Lorentz equation gives

d(_)_eB,_ e dA

dr Yx) = my_ mcydr

Comy = SE- By = (-
— = —(E—Bx)=——(c—x)—
dr 4 m mc dr
d( ) =0

a YT

d( ) eE . e .dA

JE— Cc) = — e | JU—

dr v mcy mcydt

Subtracting (2.52) from (2.55) gives, on integrating,

1 —x/c=(1—v*/cH?

assuming that the electron is initially at rest at the origin. Since

dr X

il

(2.53) may be integrated directly:
y/c eA

(1—v2/cH2 " me

Substituting for y from (2.58) and using (2.56) and (2.57), (2.52) becomes

e \? dAdr
) A a

d )
o i = () A

. l<eA>2
yxjc=-|—
2 \mc

Finally, using (2.56) and (2.57) again,

. c/eA\?dr ¢ ,dr )
X =-|—| — = za;——cos"wt
2\ mc dr 2 “dt

Hence,

. eA\ drt dr
y=——c|—)— = —cap— coswrt
mc ) dt dr

and from (2.54)
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(2.52)
(2.53)
(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

2.61)
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where ay = (ea/mc). Averaging x over one period (T = 27 /w), a(r) may be

treated as constant,
. ) 2
/xdt —aO/cos otdr
2

/dt - /(dr +dx/c)

(x) =

¢ 2 2
5% / cos” wt dr cal
0
— — (2.62)
1 2
/dr (1 + 5(13 cos a)r) 4+ ay

Similarly,
(y)=0

For agp < 1, the motion is effectively the quiver motion of the electron in the E
field of the wave (i.e. along Oy) but in addition the electron drifts in the direction
of propagation of the wave with drift velocity

2

Vw = ﬁ(E x B) (2.63)
For highly relativistic electrons @y >> 1 and (x) — c. Electrons with relativistic
energies appear as a consequence of the interaction of ultra-intense laser light (typ-
ically ~10%° W cm~?2) with plasmas. Evidence of electrons drifting in the direction
of propagation of the light has been found from both simulations and experiments.
An interesting effect of this drift velocity is to predict a Doppler shift in the fre-
quency of light scattered by free electrons (see Kibble (1964)).

It is a straightforward exercise to integrate the equations of motion to determine
the electron trajectory, which has the form of a figure-of-eight. Experiments by
Chen, Maksimchuk and Umstadter (1998) have confirmed the figure-of-eight tra-
jectory.

2.14 The ponderomotive force

Spatial inhomogeneities give rise to another non-linear effect which plays a key
role in the interaction of intense electromagnetic radiation with plasmas. For con-
sistency we ought to use the full Lorentz equation but to keep the argument simple
we revert to non-relativistic dynamics. Let us represent the spatially varying oscil-
lating electric field as

E(r, 1) = E(r) cos ot (2.64)
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Fig. 2.12. Snapshot of the channel formation in the interaction of laser light of intensity
3% 10" W cm~2 with a plasma slab. The strong ponderomotive force from the intense laser
beam incident from the left forms a channel approximately 4 um across and 10 um deep
(at 850 fs). White denotes densities below n, = 10*! cm™, green (1-4)n., blue (4-7)nc,
red (7-12)n. and magenta over 12n. (after Dyson (1998)).

and write E(r) in terms of an expansion about the initial position of the particle ry
E(r) = E(ro) + (0r - V)E[r—, + - -- (2.65)

To lowest order we use the value E(ry) for the electric field so that the correspond-
ing particle displacement 8r, is

E
or = —e—2 cos wt (2.66)
mw

To next order we must keep the v x B contribution to the Lorentz equation giving

£ = [(r- V)E+ i x B] (2.67)
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Substituting for §r from (2.66) and averaging out the time dependence of the fields
gives
1/ e

2
F) = ‘E(m_w) [(E-V)E +E x (V x E)]

_ (ﬁf V EX(ry) (2.68)

Since the force is inversely proportional to particle mass it acts principally on elec-
trons. The effect is that electrons are displaced from regions of high field intensity.
If we suppose that the individual contributions from all electrons in unit volume
of plasma may be added we arrive at an expression for the plasma ponderomotive
force

%oll,
FPM = ——2V —EOE (269)
o) 2

Although the ponderomotive force displaces electrons from regions of high electric
field to regions of weak field, the consequent charge separation creates a powerful
electrostatic field which acts to pull the ions in the wake of the electrons. Simula-
tions using large numbers of plasma particles provide a dramatic illustration of the
ponderomotive force in the interaction of intense light with dense plasmas. High
intensity laser light produces such a strong ponderomotive force that the plasma is
pushed aside and a channel formed. Figure 2.12 shows channel formation when an
intense laser beam is incident from the left on a plasma slab.

2.15 The guiding centre approximation: a postscript

Throughout this chapter we have made repeated use of Alfvén’s idea of averaging
out motion on the fast Larmor time scale to allow attention to focus on the motion
of the guiding centre. To lowest order the particle gyrates about its guiding centre
r, wherer = r, —(rxb)/€2 with b = B/|B|. In this way we examined a number of
guiding centre drifts in isolation by making assumptions about field configurations
and imposing restrictions on the kind of inhomogeneity allowed in the fields. We
found that gradient and curvature components of [0 B; /d.x ;] gave rise to drifts of the
guiding centre, whereas divergence and shear components do not. There remains
the question as to whether the drifts already identified for particular choices of field
inhomogeneity provide a correct description of guiding centre motion in the case
of a general static inhomogeneous magnetic field. To try to answer this one might
represent the magnetic field making use of the expansion parameter € = r/L; then
to first order:

B=B;+ (r—ry) VB |,
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One may then set about a general formulation of drifts to this order
(Kruskal (1962), Northrop (1963), Morozov and Solov’ev (1966)). The answer
turns out to be reassuring, but with one surprise. To order €, the velocity of the
guiding centre v, is given by Balescu (1988)

bx VB +

2 2
€v] E xB v
v, = |:v|+ﬁb-(be)}b+e B —|—62ng

evﬁ
Eb x (b-V)b (2.70)

This result does indeed reproduce the E x B, V B and curvature drifts. However,
an unexpected contribution appears in the velocity parallel to the magnetic field,
where intuitively all we expect is vy b. Various attempts have been made at a
physical interpretation of the O(e) contribution to the parallel component of the
guiding centre velocity. Morozov and Solov’ev (1966) argued that it ought to be
removed by transforming to a new system of coordinates which ensures both con-
servation of energy as well as adiabatic invariance of wg. It turns out that the root
of the problem lies in the averaging used by Alfvén to remove the Larmor motion
from the dynamics, since this destroys the Hamiltonian structure of the system. A
reappraisal by Littlejohn (1979, 1981) pointed the way round the difficulty. The
issues at stake have been discussed in detail by Balescu (1988). The outcome is
that by following Littlejohn’s procedure, the physically spurious O (¢) term in the
guiding centre velocity parallel to the magnetic field disappears.

Exercises
2.1 For non-relativistic motion in inhomogeneous magnetic fields:

(a) Verify (2.22) for B = (0, 0, B(r)) in which spatial inhomogeneities
are small but otherwise arbitrary. [Hint: use (2.5) to show that B is not
a function of z.]

(b) Verify that there is no mean drift velocity for a charged particle moving
in the field B = (0, By(x), B). Assume By, dB, /dx are small.

(c) With B = (0, B,(z), B), where both B, dB,/dz are small quantities,
show that the curvature drift ve = —Xm vﬁ(dBy /dz)/eB? and is given
generally by (2.23). Show that there is in addition a drift in the y-
direction given by v B,/B. Compare the relative magnitude of this
drift with the curvature drift.

(d) A charged particle whose guiding centre lies initially on Oz moves in
a converging, time-independent field

B = B, [—%r F 1+ az)i]
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2.2

Farticle orbit theory

where o > 0 is a constant such that erp, < 1. Show that the particle
motion is governed by the equations

i-Qy = aQ(y+ 1y Z=JaQ(xy — yi)

§— Qi = —aQ(zx + 1x2)
Show that to first order in ar;, 7 = %eri and interpret this result
physically. Establish the adiabatic variance of ugp.

(e) Near the equator the geomagnetic field may be approximated by
B(z) = By(1 + (z/20)%) where z denotes the coordinate along the
field and By, z are positive constants. Show that particle motion near
the equator is simple harmonic with period T = 2w zo(m/2ugBo)'/?
provided up is a good adiabatic invariant.

(f) A particle with charge e and mass m moves in the bumpy field B =
(bsinkz, bcoskz, By) where k, b and By are constant and /By < 1.
The particle is initially at the origin with velocity v(0) = (0, 0, zo).
Assuming that Q # kzo, find x, y to first order in b and show that

29222

-2 -2 0 .

=5+ —""7"—= COSSZ—]{Z t—1
0 (Q — kZ())z[ ( 0) ]

(g) The field in the geomagnetic tail (see Section 5.5.1) may be modelled
in one dimension as

B. = B, z>1L
= Boz/L —L<z<L
= —By z<-L

where z = 0 corresponds to the neutral sheet and 2L is the thickness of
the plasma sheet. In such a representation g is no longer adiabatically
invariant. Write down the components of the Lorentz equation and
integrate to find y and zZ.

The geomagnetic field may be represented in terms of a dipole of moment
M = — Mz, with components

M sin A M cos A
Br = _M207T r3 B = Méfﬂ r3 By =0
in which A = (/2 — 6) denotes latitude.
Show that the equation for a field line is 7 = rycos” A and write down
an expression for the magnitude of the magnetic field B(r, A). Show that

the ratio of the magnetic field to that at the equator By is

B (1+43sin*1)!/?
By cos® A
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Using the representation for B/ By, obtain an expression for the bounce
time 7 for trapped particles. Compute bounce times for magnetospheric
electrons of energy 10keV for a range of values of ry/ Rg where Rg is the
Earth radius.

The combined gradient and curvature drift velocity vg in (2.24) may be
expressed in terms of the pitch angle o:

2

mv
Vg = 1 +cos’a)B x VB
B 2eB3( + o)
(a) Use this result to show that at the equator vg = —((3muv? /2@Br)$

where qAS is the azimuthal unit vector.
(b) Show that the drift of electrons and ions contributes to a current, known
as the Earth’s ring current, given by

3 [ nmv?dVv
47r?B
In which direction does I;jne flow? For 1 MeV protons and 100keV
electrons, assuming n ~ 10’ m~3, show that Ling ~ 1MA atr ~ 4Rg.
(c) For these parameters estimate the time needed for a proton to drift
round the Earth.
(d) Find the extent to which the geomagnetic field is perturbed by the ring
current. [To do this you need to include the diamagnetic contribution
from the Larmor motion (see Section 2.2.1).]

Iring = -

Verify the results used in Section 2.9 to establish that @ is an adiabatic
invariant. [To show this you need to differentiate K [«(S, K, 1), B, t] im-
plicitly.]

Show that the drift orbit for passing particles in a tokamak is given by
(2.45).

One way of dealing with trapped particles in a tokamak is to start from
an integral of the motion in the guiding centre approximation. Conserva-
tion of toroidal momentum is expressed by R(mv| 4+ eAy) = constant,
where A, is the toroidal component of the vector potential A. If we make
use of this integral of the motion at points at which the particle orbit inter-
sects the plane z = 0 we have —e(R1Ay1 — Ry Ag2) = m(Rivy — Ryvpn).
For trapped particles

Ry Ry

3 _
Sr(RAp AR = / RB,dR = RB,AR

RiAy1 — Ry Ay = /
Ry

Ry

Show that at the points of intersection, taking B, = By, where B,y denotes
the poloidal field at the mid-plane where we set |v1| = |v|2], the width of
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2.6

2.7

2.8

2.9

Particle orbit theory

the orbit of a trapped particle, the so-called banana orbit (see Fig 2.10), is
given by (2.47).

Consider a particle of charge e and mass m moving in an electric field
E sin(kx —wt). Particles whose velocities are close to the phase velocity of
the wave are strongly affected by the wave field and exchange energy with
the wave. The motion of a particle initially at xo moving with velocity vy is
perturbed by the wave field in such a way that x = xo+vot +x1+x2, v =
vo + v1 + v, where subscripts 1 and 2 denote corrections proportional to E
and E? respectively.

Show that

eE -
v1 = —[cos(kxg — @t) — cos kxp]
mo

ke*E?

Uy = o cos(kxg — wt)[sin(kxg — wt) — sinkxg + wt cos kxy]

where ® = w — kvy.
Show that the rate of change of the energy of the particle averaged over
random initial positions is given by

(8T) =

e?E? [sinat  kvy . . - -
— + —(sinwt — @t cos wt)
2m 1) @?
Using the representation of the delta function
~ . sinot
S(w) = lim —
t—o0 T

((ST) we’E? 9 5 w
2mlk| dve| O\ "k

Calculate the mean velocity of a charged particle in the electric field E =
Ej cos(wt + 6p), where E( and 6, are constants, assuming that relativistic
effects are negligible. Repeat the calculation assuming that E is a slowly
varying function (i.e. terms of order (dEy/dt) /w Ey may be neglected) with
Ey(0) = 0. Comment on the different results in the two cases.

show that

Consider a relativistic charged particle moving in a constant, uniform mag-
netic field B = Bok. Show that the velocity of the particle is again given
by (2.9) but with Q = Q(/y in place of 2.

Show that the Lorentz equation (2.50) may be rearranged to give

B=—""[E— (B -E)+cB xB]
myc
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where B = v/c. Note that for E = 0, the result of the previous exercise
follows by inspection.

Integrate (2.59) and (2.60), ignoring terms of order (da/dt)/aw. Sketch
the trajectory of the particle.

The vector potential for a monochromatic, plane wave of arbitrary polar-
ization propagating in the x-direction is

A = a(1)[0, e coswt, (1 — a®)?sinwr]

where T =t — x/c, 0 < o < 1 and the amplitude a(7) is slowly varying.

(a) Integrate the relativistic Lorentz equation to obtain the velocity of an
electron interacting with this wave, assuming that the electron starts
from rest at the origin. Hence show that the drift velocity is the same
as that for a plane-polarized wave (o = 1).

(b) In the case in which the incident wave is circularly polarized show that
the projection of the electron trajectory on the Oyz-plane is a circle of
radius (e E /y mw?).

(c) The gyration of an electron induces a magnetic field which is par-
allel (antiparallel) to the direction of wave propagation according to
whether the wave field is left (right) circularly polarized. If one as-
sumes (as in Section 2.2) that one may add the contributions from
individual electrons, the resulting current is in turn the source of a
magnetic field (the inverse Faraday effect). Show that the inverse
Faraday field, Br, may be expressed in terms of the Compton field,
Bc =muw/e, as

2 2
@y 4

Bp= ———B
T2 (1 +ad) €
where @y = eE/mwc. Estimate Bg in the case of laser light with
intensity / = 10%° W cm™2 interacting with a dense plasma.
Consider the case of a circularly polarized wave field propagating in the
direction of a constant uniform magnetic field B = ByX. Show that in
the plane perpendicular to the magnetic field the Lorentz equation may be

written as
. . eE i
C+iQ = > )e
ymw

where ¢ = y 4+ iz. Solve the Lorentz equation for the special case of
cyclotron resonance, v = Q2.
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Macroscopic equations

3.1 Introduction

When the fields induced by the motion of the plasma particles are significant in
determining that motion, particle orbit theory is no longer an apt description of
plasma behaviour. The problem of solving the Lorentz equation self-consistently,
where the fields are the result of the motion of many particles, is no longer practi-
cable and a different approach is required. In this chapter, by treating the plasma as
a fluid, we derive various sets of equations which describe both the dynamics of the
plasma in electromagnetic fields and the generation of those fields by the plasma.

The fluid equations of neutral gases and liquids are usually derived by treat-
ing the fluid as a continuous medium and considering the dynamics of a small
volume of the fluid. The aim is to develop a macroscopic model that, as far as
possible, is independent of the detail of what happens at the molecular level. In this
sense the approach is the opposite of that adopted in particle orbit theory where
we seek information about a plasma by examining the motion of individual ions
and electrons. In experiments one seldom makes measurements or observations
at the microscopic level so we require a macroscopic description of a plasma
similar to the fluid description of neutral gases and liquids. This is obtained here
by an extension of the methods of fluid dynamics, an approach that conveniently
skims over some fundamental difficulties inherent in plasmas. The chief of these
is that a plasma is not really one fluid but at least two, one consisting of ions
and the other electrons. The fact that these two fluids are comprised of particles
with opposite charges and very unequal masses gives rise to phenomena that do
not occur in neutral fluids, even those with more than one molecular compo-
nent. Nevertheless, a single fluid description of a plasma is in many situations
a useful and plausible model and one that is widely employed. Our first objec-
tive, therefore, is the derivation of the one-fluid, magnetohydrodynamic (MHD)
equations.

48
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The fundamental assumption of MHD is that fields and fluid fluctuate on the
same time and length scales. Since the plasma is treated as a single fluid, these are
necessarily determined by the slower rates of change of the heavy ions. However,
in so far as electrons may behave independently of ions a plasma is able to support
rapid wave fluctuations that are beyond the scope of the MHD equations. A second
objective, therefore, is the derivation of the so-called plasma wave equations. Like
the MHD equations, these are macroscopic fluid equations but the assumptions
underlying them are quite different. In particular, since the rapid motion of the
more mobile electrons must be distinguished from the slow response of the ions,
this is necessarily a two-fluid description.

The final task of this chapter is a discussion of the boundary conditions appli-
cable in the solution of the macroscopic equations we derive. These, of course,
vary from problem to problem but, as in electromagnetic theory, there are certain
general results which it is useful to establish once and for all.

3.2 Fluid description of a plasma

Before embarking on the actual derivation of the MHD equations it is helpful to dis-
cuss briefly some general concepts of fluid dynamics. First, as already mentioned,
the fluid is treated as a continuous medium so that all macroscopic quantities are
continuous functions of position r and time ¢. This assumption of continuity pre-
supposes that one is interested in phenomena which vary on a hydrodynamic length
scale Ly which, at the very least, is much greater than the average interparticle
distance. This then leads on to the concept of a fluid element, a volume of fluid
small enough that any macroscopic quantity has a negligible variation across its
dimension but large enough to contain very many particles and so to be insensitive
to particle fluctuations. To distinguish it from an element of volume 6V, we denote
the volume of a fluid element by é7.
Since any quantity F is a function of position and time its variation
oF

oF
dF(I',t) = gdf-ﬁ-;dri

and, in particular, its time rate of change is given by

dFF  0dF L oF dr; OF V. VF G.1)
- = - = — V- .
dr ot dr; dt ot
where v is the velocity at the point r and time . If, as will usually be the case, we
are interested in the rate of change of F following a fluid element then v = u(r, ),
the velocity of the fluid element or flow velocity, and for this special case it is
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customary to replace d/d¢ by D/ Dt to indicate this particular choice. Thus

bFE _3F VF 32

D_l‘ = ? +u- 3.2)

is the time derivative of F as we follow the motion of a fluid element. This is

known as the material or substantive derivative and the term (u- V) F is called the
convective derivative.

Frequently in fluid theory, and particularly in deriving the fluid equations, we

need the time derivatives of surface and volume integrals. Generalizing Leibnitz’s
theorem (see Fig. 3.1)

d b(t)

F(x,0)d /b O e+ Y e - Y ra
— x,)dx = | —dx+ —F(,t) — —F(a,
dr Jae . Ot dt dr

to two and three dimensions, respectively, we have
d oF
— F(r,t)-dA = / — -dA +f F(r,t) -ve x dl (3.3)
dr Jaq A) c

and

d JF
2| F@,ndv = / av + f F(r,t)v, - dA (3.4)
dr Jv v Ot A

In (3.3) the area of integration A(¢) is bounded by the closed curve C(¢) and
ve(r, t) is the velocity of the line element dl. In (3.4) the volume of integration
V(¢) is bounded by the surface A(z) and v(r, ¢) is the velocity of the surface
element dA. These equations are quite general and may be applied to any surface or
volume. Equation (3.3) is for future reference in Chapter 4. Here we are concerned
with (3.4). Two cases of particular interest are:

(i) Fixed volume V
Here V is constant in time so its boundary is fixed and v4 = 0 giving

d IF
—/ F(r, t)dV:/ °av (3.5)
dr Jy v ot

(i) Fluid element 5t
Here v4 = u, the fluid velocity and, writing D /D¢ for d/dt to indicate this
special choice, we get

F(,t)dr = —dr+/ Fu-dS
St
= /B—%v (Fu):| dr (3.6)

where 65 is the surface of the fluid element §7 and we have applied Gauss’
divergence theorem.

8t
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F(X,f) A F(x,t)
a(t)  a(r+dr) b(t)  b(1+61) x
(a)
Voot
[6A| = v -6t x 3l
C(1)
(b)
A
dV=v, &-ndA X

dA =ndA

©

Fig. 3.1. Illustration of Leibnitz’s theorem (in one dimension) and its extension to integrals
over (b) two dimensions and (c) three dimensions.

The first of the macroscopic equations that we derive expresses conservation of
fluid mass. Consider a fixed closed surface A lying entirely within the fluid and
enclosing a volume V. If po(r, ¢) is the mass density of the fluid at position r and
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time 7 then the total mass of fluid enclosed by A at time 7 is [, v pdV and the net
rate at which mass is flowing outwards across the surface A is [, pu - dA. Thus

d
— pdV:—fpu-dA
dr Jy A

and using (3.5) with F = p and Gauss’ divergence theorem once more, this
becomes

ap B
K/[E+V-(pu)}dV—0

But this is valid for any volume V lying entirely within the fluid from which we
conclude that the integrand must be identically zero at every point in the fluid.
Hence, mass conservation is expressed by the equation of continuity

0
a—‘; £V (ou) =0 3.7)
Using (3.7) and setting F = pf in (3.6) we get
b fd / by d (3.8)
- T = ——dr .
Dt st P 8t P Dt

in which we note that on the right-hand side D/ Dt acts only on f even though p is
variable. This is a useful formula both in the derivation of the fluid equations and
in applications. For example, it enables us to show quite generally that if ¢ (r, 1)
represents the amount of any macroscopic quantity per unit mass, so that the total
amount in a fluid element is far p¢ dr, and if this changes under the action of
influences represented by Q(r, ¢) at a rate given by f& QO dt then

D D¢
— | podr :/ p—dt = Qdr

Dt ot ot Dt ot
and hence, since §7 is arbitrary,
D¢
— = 39
P =€ (3.9)

We now use (3.9) to obtain the equation of motion of a fluid element. Here
¢ = u(r, t), the fluid velocity or the momentum per unit mass. The forces which
produce changes in the momentum of the fluid element can be long range or short
range. Long range forces are approximately the same for all particles in the fluid
element and can be treated as ‘body’ or volume forces represented by j;Sr pFdr,
where F is the force per unit mass. Short range forces arising from particle inter-
actions, although acting throughout the fluid element, produce net changes in its
momentum only at its surface. The force per unit area (stress) is represented by the
stress tensor whose elements ®;; specify the i-component of the force on unit area
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DAY

v

o, & |
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Fig. 3.2. Stress tensor.

normal to the j-direction; see, for example, Batchelor (1967). Figure 3.2 illustrates
the stress tensor in Cartesian geometry. One normal and two tangential components
of force act on each element of surface normal to the x, y and z directions; only
the forces acting on the first of these are shown explicitly. It follows that the
i-component of the total force on the fluid element is given by fg s Pijn;dS where
n is the unit vector normal to the surface element dS. Thus, with ¢ = u(r, t) we
have

D
— pudr:/ der—i—f ® -ndS
Dt Js 5t 58

and, on using (3.8) and Gauss’ theorem, this becomes

Du
T _)F—V.-®|dr =
/&("Dr P )t

giving in differential form

bu _ Fiv. e
P, =P
or
Du; 0D;;
L = pF+—Y 3.10
P =P +arj (3.10)

In a neutral fluid at rest the stress tensor is isotropic (there is no preferred
direction) and is written

®;; = —P§; (3.11)
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where P (= —®;;/3) is the thermodynamic pressure and §;; is the Kronecker delta;
the negative sign is introduced because by definition a positive normal component
of ®;; represents a tension rather than a compression. For future reference we
note that a magnetized plasma does have a preferred direction and may not be
isotropic but have different pressures parallel and perpendicular to the direction of
the magnetic field; we ignore this possibility for the moment and return to it in
Section 3.4.1.

For a fluid in motion the stress tensor is, in general, no longer isotropic but it is
customary to write it as the sum of isotropic and non-isotropic parts:

&;j = —Pé; +d;j (3.12)
Here we define the pressure P to be the (negative) mean normal stress
P=-0;/3 (3.13)

This is an appropriate definition of the pressure of a fluid in motion since it is the
quantity that would be measured in an experiment. However, it should be noted
that it cannot be assumed to be the same as the thermodynamic pressure which is
defined for a fluid in equilibrium. We shall ignore this difference since it gives rise
to a correction which is important only for fluids with rotational and vibrational
degrees of freedom and is therefore negligible for a fully ionized plasma. This is
equivalent to the neglect of the bulk viscosity compared with the shear viscosity.

The non-isotropic part of the stress tensor, d;;, is called the viscous stress tensor
and by definition of P, d;; = 0. The elements d;; are related to the gradients of
the components of the flow velocity, du;/9dr;, since it is the rate of change of
momentum across the surface of the fluid element which produces the stress. Since
the flow velocity changes very little on the scale of the fluid element it follows that
the gradients are very small and a linear relationship may be assumed. It may then
be shown (see Batchelor (1967)) that

d,'j = (g—;t; + %L}’IJ - gauv . ll) (314)
where the coefficient of proportionality u is called the coefficient of (shear) vis-
cosity. It is found experimentally and can be shown theoretically (see Sections 8.2
and 12.6.3) that u is a function of temperature and may, therefore, vary across the
fluid.

Substituting (3.14) in (3.12) and (3.12) in (3.10) gives

Du; — oF 8P+ 0 8u,-+8uj 28 ouy (3.15)
Por P o T M\ T e T 3% '
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which is a general form of the Navier—Stokes equation. If temperature differences
across the fluid are not too large, i may be treated as constant giving
Du [ 5 1 :|
p—=pF—=VP+pu|[Vu+=-V(V-u (3.16)
Dt 3

Assuming for the moment that F is given, it is clear that, whichever of these
forms of the equation of motion may be appropriate, we need at least one more
equation for P. We may anticipate that this will be provided by consideration
of energy conservation and indeed it is. But this alone does not close the set of
equations; closure is achieved by means of the relations of classical thermodynam-
ics. There are two reasons why we need the thermodynamic relations. In the first
place energy balance introduces the internal energy of the fluid element and this
is a thermodynamic variable; it depends on the thermodynamic state of the fluid.
Secondly, in addition to the coefficient of viscosity appearing in the momentum
equation, energy balance brings in more transport coefficients and these, too, are
functions of the state variables such as p and T'.

There is any number of state variables, each of which has its particular use, but
experiments have established empirically that for fluids in equilibrium all thermo-
dynamic properties can be expressed in terms of any two state variables. We shall
take P and p as the two independent variables so that every other state variable is
then expressed as a function of these two by means of an equation of state. Thus
our set of equations will be closed by the energy equation (for P) plus as many
equations of state as there are state variables (other than p and P) appearing in the
transport coefficients or elsewhere in the energy equation.

Fluids in motion are clearly not in equilibrium. Nevertheless, it has been found
that classical thermodynamics may be applied to non-equilibrium states provided
that the fluid passes through a series of quasi-static equilibrium states. Then if
P and p, say, are given by their instantaneous values all the other state variables
can be defined in terms of these two by their equations of state. In order that a
quasi-static equilibrium be established we assume that changes in the macroscopic
variables take place on a time scale long compared with the relaxation time for the
attainment of local equilibrium.

The first law of thermodynamics is a statement of energy conservation in that it
equates the change in the internal energy per unit mass £ between two equilibrium
states to the sum of the increase in heat energy per unit mass and the work done
per unit mass on the system, that is

d€ = dQ +dw (3.17)

Note that £ is a state variable so that d€ depends only on the initial and final states
and not on the manner in which the change in internal energy is brought about. On
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the other hand Q and W are path variables and there is an infinite choice of values
of dQ and dW for implementing any internal energy change d&. In particular, if a
change of state is accomplished with no gain or loss of heat, i.e. dQ = 0, we have
an adiabatic change.

In our case the system is a fluid element which is not in equilibrium but in motion
with flow velocity u. We must be careful, therefore, to separate the work that goes
into changing the kinetic energy of the flow from that which increases the internal
energy. The former is obtained by taking the scalar product of u with the equation
of motion (3.10) from which we get

D(u?/2) u; 00;;

=u; Fi + —

3.18
Dt P al"j ( )

Now the total work done on the fluid element due to the body forces is fs: ou-Fdr
and

/u-<1>-ndS= V.- -®)dr (3.19)
88 5t
due to the surface forces. Hence the rate of work per unit mass is
19(u;P; i 0@ij | Pij du;
wi By LR g W0y Py (3.20)
o Or; p or; p or;

Comparing the total rate of work per unit mass (3.20) with the rate of change of
kinetic energy per unit mass (3.18), we see that the rate of work expended on the
internal energy per unit mass is just the last term in (3.20); that is
DW  ®;; du; 1
“T T g v (3.21)
Dt P Brj P
in dyadic notation.
The heat energy arises from two sources. There is both Joule heating
far( j*/o)dr, where j is the current density and o the electrical conductivity, and
heat conduction through the surface of the fluid element given by

/ kVT  -ndS = V. («VT)dr (3.22)
EN st

where « is the coefficient of heat conduction. Thus the rate of change of heat per

unit mass is
DQ 1

—_— = — T 3.23
Dr pGJ + V «VT) (3.23)
and from (3.17), (3.21) and (3.23) we get
D& 1 1 1
— =—-®:Vu+-V.-KkVT) + —j* (3.24)
Dt p P po
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It is assumed that the transport coefficients u, k, o are known functions of the
state variables p and T so it remains only to specify the equations of state for T
and &£. These follow from the assumption that the plasma behaves like a perfect
gas.

In a perfect gas the total pressure and internal energy can be computed by adding
up all the contributions from the individual particles as if they were independent
of each other. In equilibrium it then follows that the contributions of the particles
to the pressure and the internal energy are both proportional to their mean square
velocities. In fact, the internal energy associated with each degree of freedom is
%kB T where kg is Boltzmann’s constant and we find (see Section 12.5)

P = NkgT (3.25)
where N is the total number density of the particles. Since £ is the internal energy
per unit mass it follows that the internal energy per unit volume is

pE = %NkBT - %P (3.26)

where s is the number of degrees of freedom per particle. For a plasma, where the
particles are either ions or electrons, s = 3 corresponding to the three directions of
translational motion, but in order to obtain the general result we shall not make this
identification for the time being. Substitution of (3.26) in (3.24) gives, after some
straightforward manipulation using (3.7), (3.12) and (3.14),

DP
o = VPV-ut(y =DV VT)
Y -1 .2 8u,~ 8uj 2 8ul-
_— —1 —+ — —=6;;V- —  (3.27
+ o I )M(Brj + or; 3 " or; ( )

where y = (s + 2)/s is the ratio of the specific heats.

Since the total number density N is not one of our fluid variables we must re-
write the equation of state (3.25) in terms of p. For a plasma consisting of ions and
electrons with number densities, n; and n., and charges, Ze and —e, respectively
we have

N =ni+n.~ni(1+2) (3.28)
and
p = min; + mehe = min; (3.29)

where the first approximation follows from the quasi-neutrality condition n, &~ Zn;
and the second from the strong inequality of the masses m; > Zm,.. Then using
(3.28) and (3.29) we write (3.25) as

P = RopT (3.30)
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where
Nkg _ (1+ Z)kp

Y my

Ry = (3.31)

is the gas constant.

Summarizing, the set of fluid equations comprises the continuity equation (3.7)
for p, the equation of motion (3.15) for u, the energy equation (3.27) for P and
the equation of state (3.30) for T'; it is assumed that the transport coefficients u, «
and o are given functions of p and T though in practice they are often treated as
constants.

3.3 The MHD equations

So far we have applied the arguments of classical fluid dynamics to obtain a closed
set of equations for the plasma fluid variables but, except for the introduction of
Joule heating, we have taken almost no account of the fact that a plasma is a
conducting fluid. This we do now by specifying the force per unit mass F. Except
in astrophysical contexts, where gravity is an important influence on the motion of
the plasma, electromagnetic forces are dominant. For a fluid element with charge
density ¢ and current density j we then have

pF =gE+jxB (3.32)

where the fields E and B are determined by Maxwell’s equations (2.2)—(2.5).

Equations (2.6) and (2.7) for ¢ and j are not suitable in a fluid model. However,
our first objective is to obtain a macroscopic description of the plasma in which the
fields are those induced by the plasma motion. Thus, we now introduce the basic
assumption of MHD that the fields vary on the same time and length scales as the
plasma variables. If the frequency and wavenumber of the fields are w and k respec-
tively, we have wty ~ 1 and kLy ~ 1, where ty and Ly are the hydrodynamic time
and length scales. A dimensional analysis then shows (see Exercise 3.5) that both
the electrostatic force gE and displacement current gy o0E/df may be neglected
in the non-relativistic approximation w/k < c. Consequently, (3.32) becomes

oF =jx B (3.33)

and (2.3) is replaced by Ampere’s law
1
j=—V xB (3.34)
Mo

Now, Poisson’s equation (2.4) is redundant (except for determining ¢) and just one
further equation for j is required to close the set.
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Here we run into the main problem with a one-fluid model. Clearly, a current
exists only if the ions and electrons have distinct flow velocities and so, at least to
this extent, we are forced to recognize that we have two fluids rather than one. For
the moment we side-step this difficulty by following usual practice in MHD and
adopting Ohm’s law

j=0(E+uxB) (3.35)

as the extra equation for j. The usual argument for this particular form of Ohm’s
law is that in the non-relativistic approximation the electric field in the frame of a
fluid element moving with velocity u is (E + u x B). However, this argument is
over-simplified, unless u is constant so that the frame is inertial, and later, when we
discuss the applicability of the MHD equations, we shall see that the assumption
of a scalar conductivity in magnetized plasmas is rarely justified. The status of
(3.35) should be regarded, therefore, as that of a ‘model’ equation, adopted for
mathematical simplicity.

This closes the set of equations for the variables p, u, P, T, E, B and j but before
listing them it is useful to reduce the set by eliminating some of the variables.
Although in electrodynamics it is customary to think of the magnetic field being
generated by the current, in MHD we regard Ampere’s law (3.34) as determining j
in terms of B. Then Ohm’s law (3.35) becomes

1
E=—VxB—-—uxB (3.36)
O Lo

so determining E. Finally, substituting (3.36) in (2.2), treating o as a constant, and
using (2.5), we get the induction equation for B
B

1
— =—V’B+V x (uxB) (3.37)
ot o Lo

Since we have eliminated j and E, this is now the only equation we need add to the
set derived at the end of the last section for the fluid variables.

3.3.1 Resistive MHD

Although we have a closed set of equations it is still too complicated for gen-
eral application and some further reduction is essential. In fact, there is a natural
reduction consistent with the assumptions already made. In a collision-dominated
plasma the electron and ion distribution functions remain close to local Maxwellian
distributions. These are the ‘quasi-static equilibrium states’ through which the
plasma was assumed to pass when we invoked thermodynamics in Section 3.2.
A plasma with local Maxwellian distribution functions has zero viscosity and heat
conduction so it follows that these terms in the momentum and energy equations
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Table 3.1. Resistive MHD equations

Evolution equations:
Dp/Dt = —pV -u
pDu/Dt = (V xB) x B/jug — VP
DP/Dt = —yPV -u+ (y — )(V x B)? /o2
dB/dt = V*B/oo+ V x (ux B)

Equation of state:
T =P/Rop

Equation of constraint:
V-B=0

Definitions:
E=(VxB)/ouy—uxB
i = (VxB)/ug

q = —&V - -(uxB)

Approximations:

Strong collisions: 7} K (me/mi)l/er Ae KL Ly
Non-relativistic: w/k ~ Ly/tqy ~u K ¢
Quasi-neutrality: || /a)g <1

Small Larmor radius:  ri; < Ly
Scalar conductivity: |Qe]| < V¢

are small in some sense yet to be clarified. Neglecting these terms leaves electrical
resistivity as the only remaining dissipative mechanism and so the reduced set of
equations describes resistive MHD. These equations are listed in Table 3.1. The
approximations on which the resistive MHD equations are based are discussed
below in Section 3.4.

3.3.2 Ideal MHD

Going one step further and neglecting all dissipation leads to ideal MHD. This is
sometimes referred to as the infinite conductivity limit, but since that is the same
as the limit of no collisions we would be in danger of employing contradictory
arguments in our derivation. The proper approach comes from a dimensional anal-
ysis of the two terms on the right-hand side of (3.37). We see that the ratio of the
convective term to the diffusion term is

ool V x (ux B)|
|V2B|

~ uoouly = Ry (3.38)
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where Ry is called the magnetic Reynolds number by analogy with the hydrody-
namic Reynolds number R which measures the relative magnitude of the inertial,
convective term to the diffusion term in the Navier—Stokes equation (3.16):
plDu/Dt|  pLy  puLy
©|V2ul UTH w

=R (3.39)

In Ry the resistivity o~! plays the role of the kinematic viscosity (i/p) in R.
We see from (3.38) and (3.39) that ideal MHD corresponds to the limit of infinite
Reynolds numbers and that both these limits can be achieved consistently by letting
Ly — o0; ideal MHD is therefore properly regarded as the limit of large scale
length.

Comparing the two terms on the right-hand side of the pressure evolution equa-
tion (see Table 3.1) we have

|V x BJ? 1
M%0P|V'U| BRm

(3.40)

where B = uoP/B? is the ratio of plasma pressure to magnetic pressure. This
confirms that the Ry; — oo limit removes the dissipative term from this equation
as well so that it reduces to

- _yPV.u (3.41)

DP yP Dp 1 D _
— = ——(Pp") =0 (3.42)
Dt p Dt p? Dt

and hence, for any fluid element,
Pp™7 = const. (3.43)

which is the adiabatic gas law. The ideal MHD equations and the approximations
governing their validity (discussed in the following section) are listed in Table 3.2.

3.4 Applicability of the MHD equations

Magnetohydrodynamics, especially ideal MHD, is widely employed throughout
plasma physics, on occasions it has to be said, with scant regard to its range of
validity. A mathematically rigorous discussion of validity requires the two-fluid
approach of Chapter 12 but we can gain considerable insight into the applicability
and the likely limitations of the MHD equations by plausible physical arguments
such as we have used in their derivation. We do this by taking in turn each of the
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Table 3.2. Ideal MHD equations

Evolution equations:
Dp/Dt = —pV -u
pDu/Dt = (V xB)xB/ug— VP

D(Pp~Y)/Dt =0

oB/dt = V x (u x B)
Equation of constraint:
V-B=0
Definitions:
E=—-uxB
i =V xB)/uo
qg = —¢V - -(uxB)
Approximations:

Strong collisions: 7; < (me/m;)'/? 4 Ac K Ly
Non-relativistic: w/k ~ Ly/tqg ~u K ¢
Quasi-neutrality: || /a)g <1

Small Larmor radius: r,/Ly < Bl/?

Large Ry: (rLi/LH)2 & B (mi/me)'? (i) )

assumptions made in the derivation of the equations, identifying the underlying
approximation, and writing it in terms of a dimensionless parameter.

Since classical thermodynamics assumes the establishment of quasi-static equi-
librium states (local Maxwellians) and these are brought about by collisions we
require the collision time 7. < ty. Let us now be more precise about what we
mean by this strong inequality. For ty we take the minimum hydrodynamic time
scale of interest, i.e. the time for significant change in the most rapidly fluctuating
of the macroscopic variables. The ion and electron collision times, 7; and 7., are
defined as the times for significant particle deflection (momentum change). Since
ions are effective in deflecting both other ions and electrons we may, for order of
magnitude arguments, consider only the scattering off ions. For low Z and 7; ~ T,
it then follows that the collision time for each species is inversely proportional to
its thermal speed and hence 7; ~ (m;/ me)'/?1.. Thus, both ions and electrons will
be in local equilibrium states provided

T KL 1y (3.44)

However, a one-fluid model naturally assumes a single temperature and this im-
poses an even stronger collisionality condition. Temperature equilibration depends
on energy exchange between ions and electrons and since the energy exchange per
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collision is proportional to m./m; it follows that initially different temperatures
will be approximately equal after a time (m;/m.)7.. We must, therefore, replace
(3.44) by the stronger collisionality condition

T & (me/mi) 1y (3.45)

Here it is worth noting that although, in the two-fluid model of Chapter 12, tem-
perature equilibration is assumed to take place on the hydrodynamic time scale so
that (3.44) suffices, one then has separate ion and electron energy equations. There
is no inconsistency however because contact between the two-fluid and one-fluid
models is established with the derivation of the resistive MHD equations and, as we
shall see, (3.45) reappears as the condition for the neglect of heat conduction. This
confirms that it is in order to impose the stronger collisionality condition (3.45) for
the one-fluid model.

In terms of scale lengths we require the mean free paths of the ions and electrons
to be very small compared with Ly. Here there is no ambiguity because the mean
free path A. is the product of the thermal speed and the collision time and so has
the same order of magnitude for ions and electrons. The inequality

Ae K Ly (3.46)
then enables us to define a fluid element of dimension (87)'/3 such that

NP« < (1) « Ly (3.47)

where N~!/3 is the mean interparticle separation. For plasmas with many particles

in the Debye sphere, i.e. NA3 > 1, the first inequality in (3.47) is satisfied since
N3y, ~ (NA3D)4/3/ln(N)»13)) > 1. Thus, a fluid element with dimensions of
several mean free paths will retain its identity on account of collisions; it will not
be sensitive to microscopic fluctuations because it contains many particles, and the
variation of macroscopic quantities within it will be negligible. Approximations
(3.45) and (3.47) underlie the derivation of the fluid equations.

The neglect of electrostatic forces and the displacement current in the electro-
magnetic equations was a consequence of the basic assumption of MHD that the
fields and flow are strongly correlated and therefore change on the same scales;
furthermore the flow, being dominated by ion inertia is non-relativistic:

w LH
—~ —~uKc (3.48)
k TH
Here, for future reference, we note that the adoption of this approximation marks a
fundamental difference between MHD and the plasma wave equations where wave
and electron speeds may be relativistic.
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So far all of these approximations were mentioned, if not spelled out precisely,
in the course of the derivation of the MHD equations. Those we consider next were
not identified on account of adopting an empirical Ohm’s law (3.35). The statement
that the electric field in the frame of the fluid element is (E 4+ u x B) skips over the
fact that j must also be transformed and the further complication that in general the
fluid element is not an inertial frame. A rigorous derivation of (3.35) for a moving
deformable conductor can be found in Jeffrey (1966) assuming the approximationt

&
D<o
o

which is easily satisfied in almost all plasmas. However, we shall not reproduce this
derivation since it starts from the scalar relationship j = o E and for a magnetized
plasma we cannot assume a scalar conductivity. The correct relationship between
current and fields is given by the generalized Ohm’s law, the derivation of which
requires the two-fluid approach of Chapter 12 rather than the one-fluid model used
here. Nevertheless, there is a simple argument leading to the generalized Ohm’s
law which is appropriate in the MHD approximation and sufficient to enable us to
identify the further approximations required to obtain (3.35).

The argument is based on the strong inequality of the masses, Zm. < m;, and
quasi-neutrality, Zn; ~ n., the condition for the latter being

lgl _ &lV-E| o2

ene ene a)g

<1 (3.49)

where €2, is the electron Larmor frequency, w, is the plasma frequency and we
have used (2.4) to estimate |g| and (2.2) to estimate |E|. A consequence of the
mass inequality is that the flow velocity is determined by the much heavier ions
but within the fluid element the forces acting on the more mobile electrons may
produce an electron flow velocity which is different from that of the ions, so giving
rise to a current. Thus,

Zep

1

u~ j = Zenu; — encu, & (u—u.) (3.50)
from which we see that fluctuations in u. occur on the same scales as those in
p,u and j, i.e. the hydrodynamic scales ty and Ly. In writing an equation of
motion for u., therefore, we may ignore electron inertia and viscosity, since they
involve derivatives of u., but we must include a term to account for the collisional
interaction with the ions; we take this to be proportional to the product of the
collision frequency v, = 7, ' and the electron momentum per unit volume relative

T This ensures that any net space charge decays away in a time much shorter than g so that the only electric
fields present are those generated by the action of the magnetic field.
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to the ions. The balance of forces on the electrons is then given by
ene(E+u. x B) +meneve(ue — ) + Vp. =0 (3.51)
where p. is the electron pressure. Substituting for u. and u; from (3.50) we get

E+uxB—j/o=—(GxB-Vp) (3.52)
Zep

where we have identified Ze?p/mimev. & nee’/mev. = o as the coefficient of
electrical conductivity. Equation (3.52) is the MHD form of the generalized Ohm’s
law which is discussed further in Section 3.5.1. It reduces to (3.35) if we ignore
the terms on the right-hand side. To understand the significance of neglecting these
terms, it is instructive to re-write (3.52) as

|§2 |

(&
Ve

j+ (j xb) =0oE (3.53)

where b is a unit vector parallel to B and

mj v
Zep Pe

E=E+uxB+

is the ‘effective’ electric field. This representation quite clearly shows the distinc-
tive roles of the V p, and j x B terms.

The V p. term may be treated as an extra component in the effective electric
field and, comparing it with the Lorentz force u x B we have

iV () (@) (L .
Zepu x B| Ly u T;
where r1, is the ion Larmor radius and ¢; = (kg7T./m;)"/? is the ion acoustic
speed. Since we have taken 7. ~ T;, we see that neglect of the V p. term re-

quires (r.;/Ly) < (u/cs). From the momentum equation |u| ~ ¢ if § 2 1 and
lu| ~ ¢,/B'/? if B <« 1 so the small Larmor radius condition

Iy, < LH (354)

covers both cases.

In contrast, the role of the j x B term is far more fundamental since its presence
means that there is no scalar relationship between j and E; there must be a compo-
nent of E which is perpendicular to j (and B) to balance the j x b term. This is the
Hall effect. The condition for the recovery of a scalar conductivity is clearly

12| < ve (3.55)
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This condition may be satisfied for certain conducting materials but is seldom true
for magnetized plasmas, particularly fusion and space plasmas; hence the state-
ment following (3.35) that the scalar Ohm’s law is a model equation adopted for
mathematical simplicity.

In summary, the conditions for the applicability of the dissipative MHD equa-
tions are (3.45)-(3.49) and (3.54)—(3.55). As well as the last of these, the first
is often not satisfied and we return to this point below but, for the moment, we
continue the analysis by showing that these approximations are also the basis for
the resistive MHD equations.

Clearly, the condition for the neglect of viscosity in the momentum equation, as
in ideal MHD, is R >> 1. Noting that the viscosity coefficient u ~ P, this condi-
tion may be expressed as R~! ~ (u/puLy) ~ (Pt/pulLy) ~ (cs/u)(Ae/Ly) <K
1 which is satisfied provided (3.46) holds. The same approximation justifies ne-
glecting viscosity in the energy equation (3.27), as may be seen by comparison
with the pressure terms (uutg/Li P ~ Ac/Ly).

Since the coefficient of thermal conductivity x ~ nk3T t./me, comparison of
the thermal conduction term in (3.27) with the pressure term gives

. N2 o N\ 12
v <KVT>|N(@) o (ﬁ)2~<ﬂ> Tig (3.56)
TH

|PV 'lll Me TH \U Mme

showing that thermal conductivity may be neglected if (3.45) is satisfied. Thus, no
new approximations are required for resistive MHD. By contrast, ideal MHD does
require the additional approximation Ry; > 1 (or Ry > B! if B < 1; see (3.40)).
However, the condition for the neglect of the Hall current is no longer (3.55) since
this arose from a comparison of the two current terms in (3.53) both of which are
now neglected. A suitable approximation is provided by a comparison of the j x B
and u x B terms so that we now require

m;lj x B| 1 [, <cs> T, 172 <1
ZepluxB| B \Luy/ \u T;
For § ~ 1 this is the same condition (3.54) as for the neglect of the V p, term. For
low B plasmas the somewhat stronger small Larmor radius approximation

/Ly < BY? B < (3.57)

is required.
For completeness let us write the large magnetic Reynolds number approxima-
tion in terms of 7; and ty; using o = nee?/mev, we have

1 1 1 [, 2 me 12 TH
RM = ([LoO’I/tLH) ~ B L_ ; ? < 1
H i i
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Combining this with (3.45) we have

1 ry, 2 mj 172 Ti 1 358

s(in) < () ()< 0
Apart from (3.47) to (3.49), which are fundamental to MHD and may therefore be
taken for granted, (3.58) summarizes the approximations of ideal MHD; the strong
inequalities involving (r, /Ly) represent the large scale length (high conductivity)
and small ion Larmor radius approximations, while the final inequality represents
the high collisionality approximation. It is this last approximation that is least likely
to be valid for fusion and space plasmas which are usually better described as
collisionless rather than collision-dominated. Despite this, a fluid description of
the plasma in these circumstances may still be tenable though some re-examination
of the model, particularly of the energy equation, is required. It turns out that the
magnetic field, by acting as a localizing agent, is able to compensate in part for
insufficient collisionality. However, discussion of this requires a proper recognition
of the anisotropic nature of a magnetized plasma.

3.4.1 Anisotropic plasmas

Since a magnetized plasma has a natural preferred direct